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Abstract
This is one chapter of the collection of problems in cosmology, in which we assemble
the problems, with solutions, that concern one of the most distinctive features of general
relativity and cosmology—the horizons.
The first part gives an elementary introduction into the concept in the cosmological
context, then we move to more formal exposition of the subject and consider first simple,
and then composite models, such as ΛCDM. The fourth section elevates the rigor one
more step and explores the causal structure of different simple cosmological models in
terms of conformal diagrams. The section on black holes relates the general scheme of
constructing conformal diagrams for stationary black hole spacetimes. The consequent
parts focus on more specific topics, such as the various problems regarding the Hubble
sphere, inflation and holography.
The full collection is available in the form of a wiki-based resource at universeinprob-
lems.com. The cosmological community is welcome to contribute to its development.
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Chapter: horizons
In this chapter we assemble the problems that concern one of the most distinctive features
of General Relativity and Cosmology — the horizons. The first part gives an elementary
introduction into the concept in the cosmological context, following and borrowing heavily
from the most comprehensible text by E. Harrison [1]; the figures in this section are also taken
from [1]. Then we move to more formal exposition of the subject, making use of the seminal
works of W. Rindler [2] and G.F.R. Ellis, T. Rothman [3], and consider first simple, and then
composite models, such as ΛCDM. The fourth section elevates the rigor one more step and
explores the causal structure of different simple cosmological models in terms of conformal
diagrams, following mostly the efficient approach of V. Mukhanov [4]. The section on black
holes relates the general scheme of constructing conformal diagrams for stationary black hole
spacetimes, following mostly the excellent textbook of K. Bronnikov and S. Rubin [5]. The
consequent sections focus on more specific topics, such as the various problems regarding the
Hubble sphere, inflation and holography.
1.1 Simple English
A vague definition of a horizon can be accepted as the following: it is a frontier between things
observable and things unobservable.
Particle horizon. If the Universe has a finite age, then light travels only a finite distance in
that time and the volume of space from which we can receive information at a given moment
of time is limited. The boundary of this volume is called the particle horizon.
Event horizon. The event horizon is the complement of the particle horizon. The event
horizon encloses the set of points from which signals sent at a given moment of time will never
be received by an observer in the future.
Space-time diagram is a representation of space-time on a two-dimensional plane, with one
timelike and one spacelike coordinate. It is typically used for spherically symmetric spacetimes
(such as all homogeneous cosmological models), in which angular coordinates are suppressed.
1. Draw a space-time diagram that shows behaviour of worldlines of comoving observers
in a
(a) stationary universe with beginning
3
(b) expanding universe in comoving coordinates
(c) expanding universe in proper coordinates
2. Suppose there is a static universe with homogeneously distributed galaxies, which came
into being at some finite moment of time. Draw graphically the particle horizon for some
static observer.
Solution. The worldline O represents our Galaxy from which we observe the universe.
At the present moment we look out in the space and back in time and see other galaxies on
our backward lightcone. Worldline X determines the particle horizon. Objects (galaxies)
beyond X have not yet been observed by the present moment.
In the following we first define particle
and event horizons.With the help of illustra-
tions we try to make clear their significance,
first in a static universe, and then in an
expanding universe. Our discussion con-
cerns only horizons in universes that are
isotropic and homogeneous (i.e., all direc-
tions are alike and all places are alike at
each instant in cosmic time).
A particle horizon is the surface of a
sphere in space that has the observer at the
center. This horizon divides the whole of
space into two regions: the region inside
the horizon contains all galaxies that are
visible, and the region outside contains all
galaxies that are not visible. Thus the
particle horizon is a spherical surface in
space that encloses the observable universe.
The horizon at sea is of this type; it is a
frontier that divides all things into two
groups: those inside that are visible and the
rest outside that are not visible.
The event horizon divides all events into
two groups: those visible at some time or
other and those that are never visible. An
observer sees events on the backward light-
cone. The event horizon is therefore not a
surface in space but a null surface in space-
time (in this case the backward lightcone)
separating the events that can be observed
at some time from the events that can
never be observed. The event horizon is
not quite so obvious as the particle horizon
with its sea-horizon analogy, but this need
not cause concern; the next section will
help to clarify this obscure subject.
HORIZONS IN STATIC UNIVERSES
The two types of horizon are most easily
demonstrated in an infinite and static uni-
verse. We forget for a moment that the
universe is expanding and suppose that we
live in a static universe that contains uni-
formly distributed galaxies.
Particle horizon
We suppose that the galaxies have been
luminous for 10 billion years. Either this
hypothetical universe was created 10 billion
years ago with luminous galaxies or galaxies
became luminous 10 billion years ago in a
preexisting dark universe. The situation is
shown in Figure 21.1. The universe consists
of world lines of luminous galaxies that
commence at a ‘‘beginning.’’
The world line labeled O represents our
Galaxy from which we observe the universe.
From O, at the instant ‘‘now,’’ we look out
in space and back in time and see the other
galaxies on our backward lightcone. We
see galaxies because their world lines inter-
sect our lightcone, and we see each at some
instant in its lifetime. All galaxies have
been shining for 10 billion years and it is
therefore possible to look out and see them
stretching away to a distance of 10 billion
light years. Galaxies at greater distances
cannot be seen because we look back either
to a time when the universe was created or
to a time before galaxies were born.
A particle horizon divides all luminous
sources into those observed and those not
observed. Hence, in a static universe the
Time
particle
horizon
now
unobserved
galaxy
beginning
O X
Figure 21.1. This diagram represents a static
universe that has a beginning and consists of
uniformly distributed galaxies. We are the observer
O who looks out now and sees the world lines of
luminous galaxies intersecting our backward
lightcone. World line X is at the particle horizon.
Galaxies having world lines beyond X cannot be
seen.
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particle horizon is at the distance indicated
by world line X, and in this example it lies
at distance 10 billion light years. Galaxies
at distances less than 10 billion light years
are visible and lie inside the observable
universe, and galaxies at distances greater
than 10 billion light years are not visible
and lie outside the observable universe.
We wait a period of time – say 1 billion
years – and repeat our observations. At the
instant ‘‘later,’’ shown in Figure 21.2, when
galaxies have been shining for 11 billion
years, we see them stretching away to a
distance of 11 billion light years. The particle
horizon has receded to a distance of 11
billion light years. Thus the particle horizon
moves outward away from the observer at
the speed of light, and although the universe
is static, the observable universe actually
expands. This is important. In all uniform
(i.e., homogeneous and isotropic) universes,
static and nonstatic, expanding and con-
tracting, the particle horizonmoves outward
at the speed of light relative to the galaxies.
As time passes we always see more and
more of the universe.
Event horizon
We turn now to the event horizon and ask
whether in the static universe events exist
that can never be seen at any time by an
observer. If such events exist, we can divide
the universe into two parts: one that con-
tains all the events observable from the
observer’s world line O; and the other that
contains the remaining events unobservable
fromO. The surface separating the two parts
is the event horizon for observer O.
(‘‘Observers’’ in this chapter are immortal;
they are born with the universe and die
with the universe.)
If the universe is eternal and galaxies
shine forever, no event horizon exists. O’s
lightcone advances up O’s world line, and
any pointlike event in spacetime will even-
tually lie on the lightcone and be visible.
Hence, in an eternal static universe, in
which galaxies are forever luminous, there
exists no event horizon and every event in
the universe at some time or other is
observed by every observer.
An event horizon exists in a universe that
has an ‘‘end.’’ Either the whole universe
terminates, or the galaxies cease to shine
and the universe becomes dark. As a result,
all world lines of luminous galaxies come
to an end, as in Figure 21.3. Figure 21.4
shows clearly that such a universe has an
event horizon: it is O’s lightcone at the last
Figure 21.2. At the moment ‘‘now’’ we – the
observer O – see no farther than the world line X.
Subsequently, at the moment labeled ‘‘later,’’ we
see beyond X to world line Y. The particle horizon
thus recedes in a static universe and the observable
universe, bounded by the particle horizon, expands.
Figure 21.3. A static universe that has an ending.
The time labeled ‘‘end’’ is the observer’s last
moment of observation.
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Figure 1.1: Left: Stationary Universe with a beginning. Right: evolution
of horizon with time [1].
3. How does the horizon for the given observer change with time?
Solution. At present the observer O sees no farther than (see Fig. 1.1). At some
later moment he sees beyond X up to some worldline Y . The particle horizon thus recedes
in the static universe and as time passes the part of the Universe we observe grows ever
larger.
4. Is there an event horizon in the static Universe? What if the Universe nds at some finite
time?
4
Solution. If the Universe is eternal and galaxies shine forever, no event horizons exist.
However, it does exist in a Universe that lives for some finite time (has an “end”). For
an observer in such a Universe the event horizon is the lightcone built on its worldline at
the last possible moment.
possible moment. Inside the event horizon
are the events that have been seen, and out-
side are the events that can never be seen.
The lightcone cannot advance farther into
the future and all events outside this ultimate
lightcone remain unseen.
The static universe serves to illustrate
moderately well the nature of cosmic hori-
zons. From it we learn that beyond the
particle horizon are world lines (particles,
stars, galaxies) that cannot at the time of
observation be seen at any stage in their
existence, and beyond the event horizon
are events (happenings of short duration)
that cannot be seen at any time in the
observer’s existence.
Before proceeding to nonstatic universes,
we must discuss the horizon riddle and the
horizon problem.
THE HORIZON RIDDLE
Consider two widely separated observers, A
(for Albert) and B (for Bertha). We suppose
they can see each other. Each has a horizon
such that A cannot see things beyond his
horizon and B cannot see things beyond her
horizon. Each sees things the other cannot
see, as illustrated in Figure 21.5. We ask:
Can B communicate to A information that
extends A’s knowledge of things beyond his
horizon? If so, then a third observer C may
communicate to B information that extends
her horizon, which can then be communi-
cated to A. Hence, an unlimited sequence of
observers B, C, D, E, . . . may extend A’s
knowledge of the universe to indefinite limits.
According to this argument A has no true
horizon. This is the horizon riddle.
The riddle arises from our experience
with horizons on the surface of the Earth.
If A and B are on ships at sea, within sight
of each other, they each see the sea stretching
away to the horizon. A sees things that B
cannot see, and similarly, B sees things that
A cannot see. By flag signals or by radio
they can keep each other informed of things
not directly visible. By communication, A
and B share information and succeed in
extending their horizons. A pre-twentieth-
century admiral had a horizon that
embraced his entire fleet.
When we speak of things that are seen or
not seen we usually have in mind those that
endure and are represented by world lines.
Figure 21.4. The event horizon is the observer’s
backward lightcone at the moment when the
universe ends. Inside this ultimate lightcone are the
events that can be observed at some time, and
outside are the events that can never be observed.
Figure 21.5. Albert (A) and Bertha (B) have
overlapping horizons, but each can apparently see
things that the other cannot. By communicating
with each other can they enlarge their individual
horizons into a joint horizon? If they can, then their
individual horizons are not true information
horizons.
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Figure 1.2: Stationary Universe with an ending [1].
Inside this ultimate lightcone are the events that have been seen by the end of the
Universe, and outside are the events that can never been seen. The reason is that he
lightcone cannot advance farther into time and all events outside of it remain unseen.
5. The horizon riddle. Consider two widely separated observers, A and B (see Fig. 1.3).
Suppose they have overlapping horizons, but each can apparently see things that the
other cannot.
Figure 1.3: The horizon riddle: can two observers with overlapping horizons pass
information to each other regarding things outside of the other’s horizon [1]?
5
We ask: Can B communicate to A information that extends A’s knowledge of things
beyond his horizon? If so, then a third observer C may communicate to B information that
extends her horizon, which can then be communicated to A. Hence, an unlimited sequence
of observers B, C, D, E,. . . may extend A’s knowledge of the Universe to indefinite limits.
According to this argument A has no true horizon. This is the horizon riddle. Try to
resolve it for the static Universe.
Solution. Suppose, for example, that luminous galaxies originated 10 billion years ago
and the particle horizon is therefore at distance 10 billion light years. Observers A and
B see each other and have overlapping horizons. Suppose A and B are separated by a
distance of 6 billion light years (see Fig. 1.4). B sends out information that travels at the
Thus the horizon riddle applies to the parti-
cle horizon of the universe. We consider the
particle horizon in a static universe (Figure
21.6) and show that the riddle has a simple
solution. We have supposed that luminous
galaxies originated 10 billion years ago and
the particle horizon is therefore at distance
10 billion light years. Observers A and B
see each other and have overlapping hori-
zons. Suppose A and B are separated by a
distance of 6 billion light years. B sends
out information that travels at the speed of
light and takes 6 billion years to reach A.
Hence A receives from B information that
was sent 6 billion years ago when the
universe was 4 billion years old. But B’s
particle horizon in the past at the time
when the information was sent was only 4
billion light years distant. Thus B’s horizon
at that time did not extend beyond A’s
present horizon. With this argument, and
the help of Figure 21.6, we see that neither
B nor any other observer can extend A’s
particle horizon. The particle horizon is a
true information horizon and no informa-
tion can be obtained from other observers
concerning what lies beyond. Although we
have used the static universe, the argument
applies quite generally to particle horizons
in all universes.
THE HORIZON PROBLEM
While to deny the existence of an unseen kingdom
is bad, to pretend that we know more about it than
its bare existence is no better.
Samuel Butler (1835–1902)
Formany years cosmologists have debated a
subject referred to as the horizon problem.
The problem exists in all static and expand-
ing universes that have particle horizons. As
an illustration of the problem, consider a
static universe of age t0. An observer cannot
see farther than the particle horizon at
distance ct0, where c is the speed of light,
or distance t0 in units of light-travel time.
Figure 21.7 shows the observer as a dot at
Figure 21.6. Proof that Bertha cannot help Albert
to see beyond his horizon (and similarly Albert
cannot help Bertha to see beyond her horizon). The
horizons in this case are particle horizons: B
communicates information to A by sending it at the
speed of light on A’s backward lightcone; but when
B sends the information, her horizon extends no
farther than A’s horizon, and she cannot see farther
than A.
Figure 21.7. A galaxy inside the Hubble sphere
recedes from us (the observer) at subluminal
velocity, and the light emitted by the galaxy in our
direction is able to approach us. A galaxy outside
the Hubble sphere recedes from us at superluminal
velocity, and the light emitted by the galaxy in our
direction is unable to approach us and actually
recedes. The edge of the Hubble sphere is the
country of the Red Queen – the photon horizon –
where the recession velocity of the galaxies is
transluminal and light emitted in our direction
stands still.
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Figure 1.4: The horizon riddle [1].
speed of light and takes 6 billion years to reach A. Hence A receives from B information
that was sent 6 billion years ago, when the Universe was 4 billion years old. But B’s
particle horizon in the past at the time when the information was sent was only 4 billion
light years distant. Thus B’s horizon at that time did not extend beyond A’s present
horizon. In other words, B communicates information to A by sending it at the speed of
light on A’s backward lightcone. But when B sends the information, her horizon extends
no farther than A’s horizon, and he cannot see farther than A.
6. Suppose observer O in a stationary iverse with b ginning s es A in some direction at
distance L and B in the pposite direction, also at distance L. How large must L be in
order for A and B to be unaware of each other’s existence at the time when they are seen
by O?
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Solution. Consider two visible bodies at equal distances in opposite directions from
us, as shown by world lines A and B on Figure 1.5.
the center of a sphere of radius ct0. The edge
of the sphere is the particle horizon that
encloses the observable universe; outside
the sphere lies the unobservable universe
from which light has not yet reached the
observer. The sphere expands as the
universe ages and its edge – the particle
horizon – recedes from the observer at the
speed of light. In the course of time more
and more of the universe becomes visible.
Thus when the universe was 1 year old, the
horizon was at distance 1 light year. When
the universe is 10 billion years old, the hori-
zon is at distance 10 billion light years. In the
future when the universe is 20 billion years
old the horizon will be at distance 20 billion
light years. In all universes, static and non-
static, the particle horizon sweeps past the
galaxies at the speed of light and the
observer progressively sees more and more
of the universe.
Suppose observer O sees A in one direc-
tion at distance L and B in the opposite
direction also at distance L. How large
must L be in order that A and B are unaware
of each other’s existence at the time when
they are seen by O? In a static universe, the
answer is L ¼ 1
3 ct0, as shown in Figure
21.8. More generally, in static and nonstatic
universes, A and B cannot see each other
when L is greater than 1
3LP, where LP is the
distance to the particle horizon. When A
and B are each farther away than one-third
the particle horizon distance LP, they see
the observer but cannot see each other.
They do not know that each other exists.
To make clear the nature of the problem,
imagine that A and B have similar genetic
coding. If they do not know that each
other exists – are outside each other’s
horizon – and previously had no history of
interaction, how can we explain why they
are genetically alike? Stated more generally,
why should galaxies, stars, chemical ele-
ments, and subatomic particles exist in
similar states when their horizons do not
overlap?
The particle horizon is important because
it determines not only the maximum dis-
tance an observer can see, but also the max-
imum distance between things that are able
to communicate and affect one another. It
determines the range of causal interactions.
A body observed at distance L ¼ 12LP, and
now inside our horizon, was outside at a
cosmic age earlier than 1
2 t0. Normally we
look back into the past for causes that
explain the way things are now. But how
can we explain the way things are now on
the scale of 10 billion light years by causes
that existed when the universe was less
than 10 billion years old? This is the
horizon problem.
The horizon problem has no known
scientific solution in a static universe. A
possible scientific solution in an expanding
universe requires a period of accelerated
expa sion in the early universe. Alan Guth
introduced the idea of accelerated expansion
as a serious possibility in 1981 and called it
inflation, and his inflationary model is
discussed in Chapter 22.
HUBBLE SPHERES
Static universes serve to illustrate the funda-
mental nature of cosmological horizons but
are not very realistic. First, in a preambling
manner we discuss a few basic properties
of expanding universes.
According to the velocity–distance law
the recession velocities V of the galaxies
increase linearly with distance L:
V ¼ HL, [21.1]
A BO
Time
beginning
Space
particle horizon
Figure 21.8. The observer sees A and B at equal
distances L in opposite directions. When L is greater
than one-third the distance to the particle horizon,
A and B are unaware of each other’s existence.
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Figure 1.5: Two observers unaware of each other’s existence
by the tim seen by some third observer [1].
We see these bodies, but can they see each other? Let t be the time that it takes for light
to travel to us from A and B. The time it takes the light to travel from A to B, or from
B to A, is obviously 2t. Hence when the Universe is older than 3t, we not only see A
and B, but they also see each other. If the Universe is younger than 3t, and older than t,
we see A and B, but they cannot yet see each other. There is thus a maximum distance
beyond which the observed bodies A and B do not know of each other’s existence. By
examining Figure 1.5, we see that this maximum distance is one third of the distance to
the particle horizon. The answer to our question is that bodies at opposite directions and
equal distances from us, which are larger than one third of the distance to the particle
horizon, cannot at present see each other.
7. Draw spacetime diagrams in terms of comoving coordinate and conformal time and de-
termine whether event or particle horizons exist for:
(a) the universe which has a beginning and an end in conformal time. The closed
Friedman universe that begins with Big Bang and ends with Big Crunch belongs to
this class.
(b) the universe which has a beginning but no end in conformal time. The Einstein–de
Sitter universe and the Friedman universe of negative curvature, which begin with
a Big Bang and expand forever, belong to this class.
(c) the universe which has an end but no beginning in conformal time. The de Sitter
and steady-state universes belong to this class.
(d) the universe which has no beginning and no ending in conformal time, as in the last
figure of Fig. 1.6. The Einstein static and the Milne universes are members of this
7
class.
Conformal time is the altered time coordinate η = η(t), defined in such a way that
lightcones on the spacetime diagram in terms of η and comoving spatial coordinate are
always straight diagonal lines, even when the universe is not stationary.
Solution. See Figure 1.6
which world lines are parallel and light rays
are straight as in a static universe. The
advantage of this kind of diagram is that it
allows us to treat horizons in the same way
as for a static universe. Four possibilities
must be considered:
(a) The universe has a beginning and an
ending in conformal time, as in Figure
21.15. The closed Friedmann universe that
begins and ends with big bangs belongs to
this class.
(b) The universe has a beginning but no
ending in conformal time, as in Figure
21.16. The Einstein–de Sitter universe and
the Friedmann universe of negative curva-
ture, which begin with a big bang and
expand forever, belong to this class.
(c) The universe has an ending but no
beginning in conformal time, as in Figure
21.17. The de Sitter and steady-state uni-
verses belong to this class.
(d) The universe has no beginning and
no ending in conformal time, as in Figure
21.18. The Einstein static, the Eddington–
Lemaıˆtre, and the Milne universes are
members of this class.
Figure 21.15. A conformal spacetime diagram in
which altered time has a beginning and an ending.
The world line X is at the particle horizon. Notice
the existence of an event horizon.
Figure 21.16. A conformal spacetime diagram in
which altered time has a beginning but no ending.
The particle horizon is at world line X, and no event
horizon exists.
Figure 21.17. A conformal spacetime diagram in
which altered time has an ending but no beginning.
Only an event horizon exists.
Figure 21.18. A conformal spacetime diagram in
which altered time has no beginning and no
ending. There are no particle and event horizons.
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which altered time has a beginning and an ending.
Th world line X is a the particl horizon. Notice
the existence of an event horizon.
Figure 21.16. A conformal spacetime diagram in
which altered time has a beginning but no ending.
The particle horizon is at world line X, and no event
horizon exists.
Figure 21.17. A conformal spacetime diagram in
which altered time has an ending but no beginning.
Only an event horizon exists.
Figure 21.18. A conformal spacetime diagram in
which altered time has no beginning and no
ending. There are no particle and event horizons.
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Figure 1.6: Spacetime diagrams for universes wit and without beginnings a d endings [1].
(a) The world line X is at the particle horizon. Notice the existence of an event horizon.
(b) The particle horizon is at world line X, and no event horizon exists.
(c) Only the event horizon exists in this case.
(d) There are no particle or event horizons.
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8. Draw the spacetime diagram in terms of comoving space and ordinary time or the universe
with an end but no beginning in conformal time.
Solution. There are universes that expand forever and yet have endings in conformal
time. The de Sitter is of this kind and therefore has event horizons. The figure (1.7) shows
such a universe in a spacetime diagram of comoving space and cosmic time The event
The necessary condition for an event
horizon is that conformal time has an
ending. The event horizon in cosmology is
thus nothing more than the observer’s ulti-
mate lightcone at the end of conformal
time. All the events inside the event horizon
(the ultimate lightcone) are at some time
observed, and all events outside are never
observed. Note that an end in conformal
time does not necessarily mean an end in
ordinary time.
Blueshifts and redshifts at event horizons
Universes that end in big bangs, such as the
closed Friedmann universe, have event
horizons. An observer (world line O) in a
collapsing universe receives signals from
event a (Figure 21.21) at redshift
zþ 1 ¼ R0=R; [21.11]
where R0 is the value of the scaling factor at
the time of reception and R the value at the
time of emission. Because the universe is
collapsing,R0 is less thanR, and the redshift
is negative. A negative redshift means that
light is blueshifted toward the blue end of
the visible spectrum. At the last moment of
observation R0 is zero. Hence the redshift
is 1 and the blueshift is maximum. Every-
thing seen close to the event horizon hap-
pens rapidly, and at the last possible
moment, at the event horizon, happens
infinitely rapidly.
There are universes that expand forever
and yet have endings in conformal time.
The de Sitter and steady-state universes are
of this kind and therefore have event hori-
zons. But R0 is now not zero but infinity.
At the event horizon all events seen have
infinite redshift and happen infinitely slowly.
An alternative way of looking at the
de Sitter and steady-state universes consid-
ers a spacetime diagram of conformal
(comoving) space and ordinary cosmic
time, as in Figure 21.22. The observer O at
moment o sees event a. As the moment
of observation advances into the unlimited
future, the lightcone moves upward and
approaches more and more slowly but
Figure 21.21. Collapsing universes that terminate
in big bangs have an end in altered time (and in
cosmic time), and therefore possess event horizons.
At moment o, observer O looks back into the past
and sees all events, such as a on A’s world line,
blueshifted. As the moment o of observation
advances and approaches the end, events are seen
with increasing blueshift, and at the last possible
moment, all events on the observer’s backward
lightcone are seen to happen infinitely rapidly. In
this case, the event horizon has maximum blueshift.
Figure 21.22. This shows the de Sitter universe in
a spacetime diagram of comoving space and cosmic
time. The event horizon is as shown. As the moment
o now advances into the infinite future, the
observer’s backward lightcone approaches the
event horizon more and more closely. Events close
to this horizon have large redshifts because of
expansion, and at the horizon all events have
infinite redshift.
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igure 1.7: A universe with an nd bu no beginning in
conformal time, drawn in terms of cosmic time [1].
horizon is as shown. As the moment now advances into the infinite future, the observers
backward lightcone approaches the event horizon more and more closely. For example,
the observer O at moment O sees event a. As the moment of observation advances into
the unlimited future, the lightcone moves upw rd and approaches more and more slowly
but never reaches the event horizon. The event horizon is the observers lightcone in the
infinite future. Events outside this horizon can never be observed.
9. Formulate the necessary conditions in terms of conformal time for a universe to provide
a comoving observer with
(a) a particle horizon
(b) an event horizon
Solution.
(a) The necessary condition for the existence of a particle horizon is that conformal
time has a beginning (see items a) and b) of problem 7). The observer’s lightcone
9
stretches back and terminates at the lower boundary where the universe begins.
When conformal time has no beginning, there is no lower boundary (see items c) and
e) of problem 7). In this case the lightcone stretches back without limit and intersects
all world lines in the universe. In these universes there are no particle horizons. Note
that beginning in conformal time does not necessarily mean beginning in ordinary
time.
(b) The necessary condition for the existence of an event horizon is that conformal
time has an ending. The event horizon in cosmology is thus nothing more than the
observer’s ultimate lightcone at the end of conformal time. All the events inside
the event horizon (the ultimate lightcone) are at some time observed, and all events
outside are never observed. Note that an end in conformal time does not necessarily
mean an end in ordinary time.
10. Consider two galaxies, observable at present time, A and B. Suppose at the moment of
detection of light signals from them (now) the distances to them are such that LAdet < L
B
det.
In other words, if those galaxies had equal absolute luminosities, the galaxy B would
seem to be dimmer. Is it possible for galaxy B (the dimmer one) to be closer to us at
the moment of its signal’s emission than galaxy A (the brighter one) at the moment of
A’s signal’s emission?
Solution. Yes, it is possible. The corresponding spacetime diagram is shown on 1.8.
Worldlines branch out radially in all directions from the “big bang”. Spatial slices of
constant cosmic time are represented by spherical surfaces perpendicular to the world
lines, while time is measured along the radial worldlines. An arbitrary worldline is chosen
as the observer and labeled O. At some instant in time – let it be “now” – the observer’s
lightcone stretches out and back and intersects other worldlines such as X and Y . Because
of the expansion of space, the lightcone does not stretch out straight as in a static universe,
but contracts back into the big bang. All worldlines and all backward lightcones converge
into the big bang.
11. Show on a spacetime diagram the difference in geometry of light cones in universes with
and without particle horizons.
Solution. A spacetime diagram of comoving space (in which all worldlines are parallel)
and cosmic time is shown on Fig. 1.9. Some universes have particle horizons and in their
case the lightcone stretches out and back to the beginning at a finite comoving distance
indicated by the world line X . In universes without particle horizons, the lightcone
stretches out to an unlimited distance and intersects all world lines.
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A spacetime diagram convenient for our
immediate purpose is shown in Figure
21.9, in which world lines diverge radially
in all directions from a big bang. Space is
represented by spherical surfaces perpendi-
cular to the world lines, and time is meas-
ured along the radial world lines. World
lines are galaxies fixed in space, and as time
advances, they recede from one another
because of the expansion of space. An
expanding spherical balloon is a helpful
analogy. Galaxies are points marked on
the surface of the balloon and as the balloon
inflates the ‘‘galaxies’’ recede from one
another. The two-dimensional surface of
the balloon represents our three-dimen-
sional space. The radial direction in which
the balloon expands represents time and
should not be confused with the third
dimension of space.
Any world line – it does not matter which
– is chosen as the observer and labeled O, as
in Figure 21.10. At any instant in time – call
it ‘‘now’’ – the observer’s lightcone stretches
out and back and intersects other world lines
such as X and Y. Because of the expansion
of space, the lightcone does not stretch out
straight as in a static universe, but contracts
back into the big bang. All world lines and
all backward lightcones converge into the
big bang. The observer, by looking in any
direction, looks back into the big bang,
and the light the observer receives from the
big bang is the cosmic background radia-
tion. The luminous events on the backward
lightcone are redshifted, and the closer
they are to the big bang, the larger is their
redshift. Thus redshift increases steadily as
we proceed along the lightcone toward the
big bang.
Figure 21.11 shows the emission and
reception distances of two galaxies X and
Y. X’s emission distance is measured in
space at the time X emitted the light that O
now sees, and X’s reception distance is
measured in space at the time its light
reaches O. Similarly with Y. As shown, X’s
reception distance is smaller than Y’s and
we may say X is now nearer than Y. Also
X’s redshift is smaller than Y’s redshift.
Figure 21.9. A big bang with world lines
diverging in all directions. Do not let this diagram
mislead you into thinking that the big bang occurs
at a point in space. Time is measured along the
world lines, and space is represented by any
spherically curved surface perpendicular to the
world lines.
Figure 21.10. O’s lightcone curves back into the
big bang, and for this reason we are able to observe
the cosmic background radiation that has traveled
freely since it decoupled in the early universe. This
diagram shows the reception and emission
distances of galaxy X. Although galaxy Y has a
greater reception distance, its emission distance is
smaller than that of X. Thus Y, which is now farther
away than X, was closer to us than X at the time of
emission of the light we now see.
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Figure 1.8: The rec ption and emission distances of galaxies X and Y . Although
galaxy Y has a greater reception distance, its emission distance is smaller than
that of X. Thus Y , which is now farther away than X, was closer to us than X at
the time of emission (w ich is different for X and Y ) of the light we now see [1].
horizon overtakes the galaxies at the speed
of light c.
The Einstein–de Sitter universe illustrates
what happens. We find that the particle
horizon is at twice the Hubble distance.
Thus the observable universe has a radius
twice that of the Hubble sphere. The reces-
sion velocity of the galaxies at the particle
horizon, according to the velocity–distance
law, is twice the speed of light. Bec us the
particle horizon overtakes the galaxies at
the spe d of light, th pa ti le ho izon i
the Einstein–de Sitter model recedes at
three times the speed of light. T e re shift
of the gal xies at the photon horizon is
z ¼ 3, and at the rticle horizon is infinite.
Notice that galaxies at the photon horizon
recede at velocity c and yet have finite
cosmological redshift. (The redshift for the
special relativity Doppler effect would be
infinite, demonstrating once again that
cosmological redshifts are not a Doppler
effect.) In universes of constant positive
deceleration q, the distances of the particle
and photon horizons have the ratio
LP=LH ¼ 1=q. In the radiation-dominated
early universe, q ¼ 1, and the Hubble sphere
and observable universe have the same size;
the photon and the particle horizons are
coincident and both are often referred to as
the ‘‘horizon,’’ although they have distinctly
differently properties. Generally, when q is
not constant, comoving bodies can be inside
and outside the Hubble sphere at different
times. But not so for the observable universe;
once inside, always inside. Horizons are like
membranes; the photon horizon acts as a
two-way membrane (comoving bodies can
cross in both directions depending on the
value of q), and the particle horizon acts
like a one-way membrane (comoving bodies
always move in and never out).
Universes without particle horizons
Some universes, such as the Milne, de Sitter,
and steady-state universes, lack particle
horizons. In these universes, all world lines
intersect an observer’s backward lightcone
and all galaxies in the universe are visible
at some stage in their evolution. To show
why such universes are possible we use a
different type of spacetime diagram. This
diagram, shown in Figure 21.13, depicts
comoving rather than ordinary space coor-
dinates. All comoving bodies are separated
from one another by constant comoving
distances, and in this new diagram all
world lines are parallel. But light rays are
not straight lines. The backward lightcone
does not diverge as in the static universe
but flares out. In universes with particle
horizons, such as the Friedmann versions,
the lightcone extends back to the beginning
of the universe at finite comoving distance
and a particle horizon exists at world line
X. In other universes, however, such as the
Milne model (in which the scale factor
R ¼ t and H ¼ 1=t, q ¼ 0), the lightcone
reaches the beginning of time t ¼ 0 at an
infinite comoving distance and there is no
particle horizon. The observable universe
fills the entire actual universe and all galaxies
are in principle visible. The de Sitter and
steady-state universes are of this kind, but
are more complicated and will be considered
when we discuss event horizons.
Figure 21.13. A spacetime diagram of comoving
space (in which all world lines are parallel) and
cosmic tim . Some universes have particle horizons
and in their case th lightcone stretches out and
back to the beginning at a finite c moving distance
indicated by the world line X. In universes without
particle horizons, the lightcone stretches out to an
unlimited distance and intersects all world lines.
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Figure 1.9: Lightcones in universes with and without particle horizons [1].
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1.2 Simple Math
The problems of this section need basic understanding of Friedman equations, definitions of
proper, comoving and conformal coordinates, the cosmological redshift formula and simple
cosmological models (see Chapters 2 and 3).
Let us make our definitions a little more strict.
A particle horizon, for a given observer A and cosmic instant t0 is a surface in the instan-
taneous three-dimensional section t = t0 of space-time, which divides all comoving particles
1
into two classes: those that have already been observable by A up to time t0 and those that
have not.
An event horizon, for a given observer A, is a hyper-surface in space-time, which divides
all events into two non-empty classes: those that have been, are, or will be observable by
A, and those that are forever outside of A’s possible powers of observation. It follows from
definition that event horizon, and its existence, depend crucially on the observer’s (and the
whole Universe’s) future as well as the past: thus it is said to be an essentially global concept.
It is formed by null geodesics.
The following notation is used hereafter: Lp(t0) is the proper distance from observer A
to its particle horizon, measured along the slice t = t0. For brevity, we will also call this
distance simply “the particle horizon in proper coordinates”, or just “particle horizon”. The
corresponding comoving distance lp is the particle horizon in comoving coordinates.
Likewise, Le is the proper distance from an observer to its event horizon (or, rather, its
section with the hypersurface t = t0), measured also along the slice t = t0. It is called “space
event horizon at time t0”, or just the event horizon, for brevity. The respective comoving
distance is denoted le.
12. The proper distance Dp(t0) between two comoving observers is the distance measured
between them at some given moment of cosmological time t = t0. It is the quantity
that would be obtained if all the comoving observers between the given two measure the
distances between each other at one moment t = t0 and then sum all of them up. Suppose
one observer detects at time t0 the light signal that was emitted by the other observer at
time te. Find the proper distance between the two observers at t0 in terms of a(t).
Solution. By definition, measuring distance along the slice t = const, we have for some
given time t0
Dp(r, t0) =
∫
|ds| = a0
∫ r
0
dr√
1− kr2 , a0 ≡ a(t0) (1.1)
On the other hand, along the worldline of the light ray connecting the two observers
1Rindler uses the term “fundamental observers”
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ds = 0, so we have
dt
a
=
dr√
1− kr2 .
Integrating along the worldline from the time of emission te to the time of detection t0,
we get ∫ t0
te
dt′
a(t′)
=
∫ r
0
dr√
1− kr2 =
Dp
a0
,
Therefore the proper distance between two observers in an expanding Universe is
Dp(te, t0) = a0
∫ t0
te
dt′
a(t′)
. (1.2)
13. Show, that the proper distance Lp to the particle horizon at time t0 is
Lp(t0) = lim
te→0
Dp(te, t0). (1.3)
Solution. As define above, particle horizon is the proper distance between the observer
that receives the light signal at present and the comoving particle that emitted this light
at the very beginning of the Universe (which may correspond to t→ −∞). Thus (1.3).
14. The past light cone of an observer at some time t0 consists of events, such that light
emitted in each of them reaches the selected observer at t0. Find the past light cone’s
equation in terms of proper distance vs. emission time Dplc(te). What is its relation to
the particle horizon?
Solution.
Dplc(te, t0) = a(te)
t0∫
te
c dt
a(t)
. (1.4)
The corresponding comoving distance d(te, t0) = D(te, t0)/a(te) at te → tin (tin is the
time of creation singularity or infinite past, whichever is realized) gives us the observer
that only now (at t0) just becomes observable, thus determining the particle horizon at
t0:
Lp(t0) = a(t0)dplc(tin, t0).
15. The simplest cosmological model is the one of Einstein-de Sitter, in which the Universe is
spatially flat and filled with only dust, with a(t) ∼ t2/3. Find the past light cone distance
Dplc (1.4) for Einstein-de Sitter.
Solution.
Dplc(te, t0) = 3c(t
2/3
e t
1/3
0 − te). (1.5)
16. Demonstrate that in general Dplc can be non-monotonic. For the case of Einstein-de
Sitter show that its maximum – the maximum emission distance – is equal to 8/27LH ,
while the corresponding redshift is z = 1.25.
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Solution. From dDplc/dte = 0 we see that maximum exists and lies at
te
t0
=
8
27
, Dmaxplc =
4
9
ct0. (1.6)
The redshift of light signal emitted at maximum emission distance is then
z =
a(t0)
a(te)
− 1 =
(t0
te
)2/3
− 1 = 9
4
− 1 = 1.25. (1.7)
17. In a matter dominated Universe we see now, at time t0, some galaxy, which is now on
the Hubble sphere. At what time in the past was the photon we are registering emitted?
Solution. The emission event is at the intersection of the particle’s worldline with the
past light cone, so
3
2
ct0
( te
t0
)2/3
= 3c(t2/3e t
1/3
0 − te), (1.8)
from which
te =
t0
8
.
18. Show that the particle horizon in the Einstein-de Sitter model recedes at three times the
speed of light.
Solution. In Einstein-de Sitter a ∼ t2/3, thus Lp = 3ct and H = 2/3t, so
L˙p = c+
2
3t
· 3ct = 3c. (1.9)
19. Does the number of observed galaxies in an open Universe filled with dust increase or
decrease with time?
20. Draw the past light cones Dplc(te) for Einstein-de Sitter and a Universe with dominating
radiation on one figure; explain their relative position.
21. Find the maximum emission distance and the corresponding redshift for power law ex-
pansion a(t) ∼ (t/t0)n.
Solution. The comoving distance along a null geodesic is
∫
dη =
∫
dt/a(t). Then at
the time of emission te the proper distance between the comoving emitter and detector
is
L(te, t0) = a(te)
t0∫
te
dt
a(t)
=
t0
1− n
[
xn − 1], (1.10)
where t0 is the time of detection (present), and
x =
te
t0
. (1.11)
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This is the past light cone of an event at t0 given in terms of proper distance and cosmic
time.
The maximum of L(te, t0) is at
xm = n
1/(1−n), Lmax = L(xmt0, t0) =
t0
n
xm =
t0
n
n1/(1−n). (1.12)
The corresponding redshift is given by the general relation
zmax + 1 =
a(t0)
a(xt0)
= nn/(n−1). (1.13)
For radiation domination (n = 1/2) we have
Lmax =
1
2
ct0 =
1
2
RH , zmax = 1, (1.14)
and for matter domination (n = 2/3)
Lmax =
4
9
ct0 =
8
27
RH , z = 1.25. (1.15)
22. Show that the most distant point on the past light cone was exactly at the Hubble sphere
at the moment of emission of the light signal that is presently registered.
Solution. The recession velocity of the emitter at the time of emission te = xmt0 is
v(te, Lmax) = H(xmt0) · Lmax = n
xmt0
· t0
n
xm = 1, (1.16)
so by definition the emitter (i.e. galaxy) was at that moment exactly on the Hubble
sphere.
23. Show that the comoving particle horizon is the age of the Universe in conformal time
Solution Starting from the definition
Lp(t)
a(t)
=
∫ t
0
dt′
a(t′)
=
∫ η
0
dη′ = η. (1.17)
24. Show that
dLp
dt
= Lp(z)H(z) + 1; (1.18)
dLe
dt
= Le(z)H(z)− 1. (1.19)
Solution. From the definitions (here c = 1)
L˙p =
d
dt
(
a(t)
t∫
dt
a(t)
)
= +1 +HLp, (1.20)
L˙e =
d
dt
(
a(t)
∫
t
dt
a(t)
)
= −1 +HLe. (1.21)
25. Find L¨p and L¨e.
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Solution. Differentiating Lp and Le from (1.20-1.21) once again, we get
d2Lp
dt2
= H(+1− qHLp), (1.22)
d2Le
dt2
= H(−1− qHLe), (1.23)
where q = − a¨/a
H2
is the deceleration parameter.
26. Show that observable part of the Universe expands faster than the Universe itself. In
other words, the observed fraction of the Universe always increases.
Solution. The particle horizon at distance Lp recedes with velocity L˙p found in the
previous problem, while the galaxies at the particle horizon recede at velocity HLp,
hence the horizon overtakes the galaxies with the speed of light c.
27. Show that the Milne Universe has no particle horizon.
Solution. In the Milne Universe a ∼ t, H = 1/t, q = 0, the lightcone reaches the
beginning of time t = 0 at an infinite comoving distance and there is no particle horizon.
The observable universe fills the entire actual Universe and all galaxies are in principle
visible. In other words, all galaxies are visible at some stage in their evolution.
28. Consider a universe which started with the Big Bang, filled with one matter component.
How fast must ρ(a) decrease with a for the particle horizon to exist in this universe?
Solution. The comoving particle horizon is
∫
0
dta−1(t), where t = 0 is assumed to
correspond to the Big Bang singularity. Its existence depends on whether this integral
converges at small times or not. Then using the Friedman equation,
dt =
da
a˙
=
da√
ρa2
, (1.24)
so the particle horizon is
lp =
∫
0
da/a√
ρa2
. (1.25)
The integral converges as long as ρa2 diverges at small a. That is, if equation of state is
such that ρ changes faster than ∼ 1/a2, then light can only propagate a finite distance
between Big Bang and now. In particular, the particle horizon exists in models, which
are dominated at early times either by radiation ρ ∼ 1/a4 or matter ρ ∼ 1/a3.
29. Calculate the particle horizon for a universe with dominating
(a) radiation;
(b) matter.
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Solution. In radiation-dominated universe a ∼ t1/2, in matter-dominated a ∼ t2/3.
Then integration of L = a(t)
∫
dt/a(t) gives
L(rad)p = 2t, L
(mat)
p = 3t. (1.26)
30. Consider a flat universe with one component with state equation p = wρ. Find the
particle horizon at present time t0.
Solution. The particle horizon Lp at the current moment t0 is (see 1.3)
Lp = lim
te→0
Dp(te, t0)
The proper distance can be written as
Dp = a0
∫ t0
t
dt′
a(t′)
= −
∫ z(t0)
z(t)
dz′
H(z′)
=
∫ z
0
dz′
H(z′)
. (1.27)
The density in terms of redshift z is
ρ = ρ0(1 + z)
3(1+w),
and
H(z) = H0
√
(1 + z)3(1+w),
so
Lp(t0) = H
−1
0
∞∫
0
dz√
(1 + z)3(1+wi)
(1.28)
31. Show that in a flat universe in case of domination of one matter component with equation
of state p = wρ, w > −1/3
Lp(z) =
2
H(z)(1 + 3w)
, L˙p(z) =
3(1 + w)
(1 + 3w)
. (1.29)
Solution. In the considered case
Lp(z) =
1
H(z)
∫ ∞
0
dz′√
(1 + z′)3(1+w)
=
2
H(z)(1 + 3w)
. (1.30)
Note that Lp > 0, i.e. the horizon exists, only if w > −1/3.
On differentiating by time and using
H2 =
1
3
ρ, H˙ = −1
2
ρ(1 + w), (1.31)
we get
dLp
dt
=
3(1 + w)
1 + 3w
. (1.32)
32. Show that in a flat universe in case of domination of one matter component with equation
of state p = wρ, w < −1/3
Le(z) = − 2
H(z)(1 + 3w)
, L˙p(z) = −3(1 + w)
(1 + 3w)
. (1.33)
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Solution. In the considered case
Le(z) =
1
H(z)
∫ 0
−1
dz′√
(1 + z′)3(1+w)
= − 2
H(z)(1 + 3w)
, (1.34)
and
dLe
dt
= −3(1 + w)
1 + 3w
. (1.35)
Note that Le > 0, i.e. the event horizon exists, only if w < −1/3. In particular, when we
have the cosmological constant, w = −1, there is only the event horizon
Le = H.
33. Estimate the particle horizon size at matter-radiation equality.
1.3 Composite models
34. Consider a flat universe with several components ρ =
∑
i ρi, each with density ρi and
partial pressure pi being related by the linear state equation pi = wiρi. Find the particle
horizon at present time t0.
Solution. The particle horizon Lp at the current moment t0 is (see 1.3)
Lp = lim
te→0
Dp(te, t0)
The proper distance can be written as
Dp = a0
∫ t0
t
dt′
a(t′)
= −
∫ z(t0)
z(t)
dz′
H(z′)
=
∫ z
0
dz′
H(z′)
.
The i-th energy density in terms of redshift z is
ρi = ρ0i(1 + z)
3(1+wi),
and
H(z) = H0
√∑
Ω0i(1 + z)3(1+wi),
so
Lp(t0) = H
−1
0
∞∫
0
dz√∑
Ω0i(1 + z)3(1+wi)
(1.36)
35. Suppose we know the current material composition of the Universe Ωi0, wi and its ex-
pansion rate as function of redshift H(z). Find the particle horizon Lp(z) and the event
horizon Lp(z) (i.e the distances to the respective surfaces along the surface t = const) at
the time that corresponds to current observations with redshift z.
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Solution. For the particle horizon we rewrite the previous result in terms of redshifts
Lp(z) = H
−1(z)
∞∫
0
dz′√∑
Ωi(z)(1 + z′)3(1+wi)
, (1.37)
and take into account how the partial densities Ωi depend on time: they are defined to
satisfy
H2(z) = H20
∑
Ωi0(1 + z)
3(1+wi). (1.38)
at any z (or, equivalently, t), thus Ωi(z) by definition is the ratio of the ith term of the
sum to the whole sum at any moment of time:
Ωi(z) = Ωi0
H20
H2(z)
(1 + z)3(1+wi). (1.39)
Then for the particle horizon (and for event horizon in the same way) we obtain
Lp(z) =
1
H(z)
∫ ∞
0
dz′√∑
i
Ωi(z)(1 + z′)3(1+wi)
; (1.40)
Le(z) =
1
H(z)
∫ 0
−1
dz′√∑
i
Ωi(z)(1 + z′)3(1+wi)
. (1.41)
36. When are Lp and Le equal? It is interesting to know whether both horizons might have
or not the same values, and if so, how often this could happen.
37. Find the particle and event horizons for any redshift z in the standard cosmological model
– ΛCDM.
Solution. Using the general formulae (1.40–1.41), one obtains
Lp(z) =
1
H(z)
∫ ∞
0
dz′√
Ωm(z)(1 + z′)3 + ΩΛ(z)
, (1.42)
Le(z) =
1
H(z)
∫ 0
−1
dz′√
Ωm(z)(1 + z′)3 + ΩΛ(z)
, (1.43)
Ωm(z) = Ωm0
H20
H(z)2
(1 + z)3, (1.44)
ΩΛ(z) = ΩΛ0
H20
H(z)2
. (1.45)
38. Express the particle Lp(z) and event Le(z) horizons in ΛCDM through the hyper-geometric
function.
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Solution.
Lp(z) =
2
√
A(z)
H0
√
ΩΛ0
F
(
1
2
,
1
6
,
7
6
;−A(z)
)
, (1.46)
Le(z) =
1
H0
√
ΩΛ0
F
(
1
2
,
1
3
,
4
3
;− 1
A(z)
)
, (1.47)
A(z) =
ΩΛ0
Ωm0
(1 + z)−3. (1.48)
1.4 Causal structure
The causal structure is determined by propagation of light and is best understood in terms of
conformal diagrams. In this section we construct and analyze those for a number of important
model cosmological solutions (which are assumed to be already known), following mostly the
exposition of [4].
In terms of comoving distance χ˜ and conformal time η˜ (in this section they are denoted by
tildes) the two-dimensional radial part of the FLRW metric takes form
ds22 = a
2(η˜)
[
dη˜2 − dχ˜2]. (1.49)
In the brackets here stands the line element of two-dimensional Minkowski flat spacetime.
Coordinate transformations that preserve the conformal form of the metric
ds22 = Ω
2(η, χ)
[
dη2 − dχ2],
are called conformal transformations, and the corresponding coordinates (η, χ) – conformal
coordinates.
39. Show that it is always possible to construct η(η˜, χ˜), χ(η˜, χ˜), such that the conformal form
of metric (1.49) is preserved, but η and χ are bounded and take values in some finite
intervals. Is the choice of (η, χ) unique?
Solution. Suppose η˜, χ˜ span infinite or semi-infinite values. Then we can always make
the following sequence of coordinate transformations:
(a) Pass to null coordinates
u = η˜ − χ˜, v = η˜ + χ˜; (1.50)
(b) Bring their range of values to a finite interval by some appropriate function, i.e.
U = arctanu, V = arctan v. (1.51)
(c) Go back to timelike and spacelike coordinates (this is not really necessary at this
point and is done mostly for aesthetic reasons):
T = V + U, R = V − U. (1.52)
20
Now the range of (T,R) obviously covers some bounded region on the plane, while
the radial part of the line element preserves its conformal form:
ds22 ∼ dη˜2 − dχ˜2 ∼ du dv ∼ dU dV ∼ dT 2 − dR2. (1.53)
As the choice of function arctan was rather arbitrary (though convenient), the choice of
conformal coordinates is not unique.
In this section we will reserve notation η and χ and names “conformal coordinates” and “con-
formal variables” to such variables that can only take values in a bounded region on R2; η˜ and χ˜
can span infinite or semi-infinite intervals. Spacetime diagram in terms of conformal variables
(η, χ) is called conformal diagram. Null geodesics η = ±χ + const are diagonal straight lines
on conformal diagrams.
40. Construct the conformal diagram for the closed Universe filled with
(a) radiation;
(b) dust;
(c) mixture of dust and radiation.
Show the particle and event horizons for the observer at the origin χ = 0 (it will be
assumed hereafter that the horizons are always constructed with respect to this chosen
observer).
Solution.
(a) Solution for a(η) in a radiation dominated closed Universe is
a = am sin η, η ∈ (0, pi), χ ∈ [0, pi]. (1.54)
As the ranges spanned by η and χ are finite, they are already conformal coordinates.
The conformal diagram is a square η, χ ∈ [0, pi]. Edges η = 0 and η = pi correspond
to the Big Bang and Big Crunch singularities respectively; worldline χ = pi is
the point on the three-sphere that is situated at the opposite pole with respect to
observer at χ = 0.
The particle horizon is
η = χ,
and event horizon is
η = ηmax − χ = pi − χ.
Both exist for all cosmological times: by the finite moment of the Big Crunch η = pi
the event horizon is collapsed into a point (which is natural, as there is no more
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Figure 1.10: Conformal diagrams of radiation (left) and dust (right) dominated closed
Universes. Particle horizon is shown in blue, event horizon in red. Thin lines in the
dust dominated universe show light rays that realize the first and second images of a
galaxy at different cosmic times, from opposite directions.
time left), while the particle horizon extends to the whole Universe. Thus only at
the finite moment the whole of the Universe becomes observable. The farther the
point, though, the younger will it look, of course, and the opposite pole will only
be “observed” by our observer at the last moment of the Universe as it was at its
creation.
(b) Solution for a(η) in a dust dominated closed Universe is
a = am(1− cos η), η ∈ (0, 2pi), χ ∈ [0, pi]. (1.55)
The difference from the previous case is that η spans twice the range, and ηmax =
2pi = 2χmax.
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Therefore the event horizon is given by
η = ηmax − χ = 2pi − χ,
so it exists only in the second, contracting, phase η > pi. The particle horizon is
given by η = χ again, but now it exists only during the expanding phase η < pi. It
encloses the full Universe at the moment of maximal expansion η = pi and for later
times does not exist.
(c) Though the full analytic solution is more complicated, it is clear that the main
features remain the same as in the previous considered cases. At early and late times,
close to the singularities, the dynamics is determined by the radiation component.
If there is enough dust, then at large enough scale factors (which may or may not be
achieved depending on the initial conditions), which would correspond to the epoch
around the maximal expansion, it will be dominating. The influence of dust is that
dynamics is slowed down, so that depending on the ratio of densities
ηmax ∈ [pi, 2pi].
Thus qualitatively the picture will be the same as in a dust dominated Universe: the
conformal diagram is a rectangle, the event horizon exists only starting from some
time ηe = ηmax − pi, while particle horizon, on the contrary, vanishes at ηp = pi.
Figure 1.11: A closed Universe filled with a mix of
dust and radiation.
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41. Closed dS. Construct the conformal diagram for the de Sitter space in the closed sections
coordinates. Provide reasoning that this space is (null) geodesically complete, i.e. every
(null) geodesic extends to infinite values of affine parameters at both ends.
Solution. The scale factor in the closed dS Universe is
a(t) = H−1Λ cosh(HΛt), t ∈ (−∞,+∞), (1.56)
so on integration, for conformal time we obtain
η(t) =
t∫
−∞
dt
a(t)
= arcsin
[
tanh(HΛt)
]
+
pi
2
∈ (0, pi). (1.57)
We choose the integration constant here so that η = 0 corresponds to t = −∞ and η = pi
to t = +∞. The full metric then can be written as
ds2dS =
H2Λ
sin2 η
[
dη2 − dχ2 − sin2 χdΩ2]. (1.58)
Figure 1.12: The de Sitter Universe. The closed sections coordinates cover the
whole space, which is geodesically complete. There are no singularities: the
horizontal boundaries of the diagram correspond to infinite past and future.
As the values of η span a finite interval, (η, χ) are already conformal coordinates. The
conformal diagram is again a square
η ∈ [0, pi], χ ∈ [0, pi], (1.59)
with the difference from the radiation dominated Universe that the edges η = 0, pi do
not represent a singularity anymore, but instead correspond to infinite (and regular) past
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and future respectively. Both horizons are given again by
ηe = pi − χ, ηp = χ (1.60)
and exist at all times.
The spacelike boundaries of the conformal diagram correspond to t→ ±∞, and therefore
to infinite values of affine parameter. This can be shown if one remembers the general
formula for the cosmological redshift:
const = ωa =
dt
dλ
a, ⇒ λ = const ·
t∫
dt cosh(HΛt) −→
t→±∞
∞. (1.61)
The timelike boundary of the diagram corresponds to the opposite pole, there is no real
boundary there, the same as on a sphere: as particles propagate across the pole, their
radial coordinate begins to decrease again, while the worldline on the conformal diagram
is reflected from χ = pi. Thus by definition the spacetime is (null) geodesically complete.
42. Static dS. Rewrite the metric of de Sitter space (1.58) in terms of “static coordinates”
T,R:
tanh(HΛT ) = − cos η
cosχ
, HΛR =
sinχ
sin η
. (1.62)
(a) What part of the conformal diagram in terms of (η, χ) is covered by the static
coordinate chart (T,R)?
(b) Express the horizon’s equations in terms of T and R
(c) Draw the surfaces of constant T and R on the conformal diagram.
(d) Write out the coordinate transformation between (η, χ) and (T,R) in the regions
where | cos η| > | cosχ|. Explain the meaning of T and R.
Solution. Let us introduce dimensionless coordinates t = HΛT and r = HΛR. The
inverse relations then are
sin2 η =
1
cosh2 t− r2 sinh2 t , sin
2 χ =
r2
cosh2 t− r2 sinh2 t . (1.63)
Using them, after some algebra from (1.58) we get
ds2dS =
[
1−H2ΛR2
]
dT 2 − dR
2
1−H2ΛR2
−R2dΩ2, (1.64)
which resembles the Schwarzschild line element (and this is not a coincidence).
(a) As | tanh(HΛT )| < 1, we have | cos η| ≤ | cosχ|. This condition cuts out two out of
four sectors from the square conformal diagram, I and III: one is η ∈ [χ, pi − χ] and
the other is η ∈ [pi − χ, χ]. In both | sin η| ≥ | sinχ|, so R ≤ H−1Λ ;
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(b) The particle horizon η = χ corresponds to R = H−1Λ and T = −∞. It is one part of
the boundary of the region (in two parts) covered by coordinates (T,R). The event
horizon η = pi − χ corresponds to R = H−1Λ and T = +∞ and is the other part of
the boundary of this region.
(c) T = const is cos η = t cosχ and R = const is sin η = r−1 sinχ.
(d) In regions II and IV the needed relation is obtained if we simply replace tanh with
coth in the first relation:
coth(HΛT ) = − cos η
cosχ
, HΛR =
sinχ
sin η
, (1.65)
as can be checked explicitly by substitution into (1.64), which again gives (1.58).
In these regions R is a timelike coordinate, and T is spacelike. The geodesics of
comoving massive particles are χ = const, one of them χ = pi/2 corresponds to T =
0. Thus in the lower part of the diagram, where R ∈ (+∞, H−1Λ ), the spacetime is
contracting; in the upper part, where R ∈ (H−1Λ ,∞), it is expanding. The coordinate
Figure 1.13: The de Sitter Universe with contour lines of the “static” coordinates
(T,R). The solid lines are T = const, and the dashed ones R = const. The coordi-
nates become singular on both horizons, so the whole spacetime is divided by them
into four sectors, each separately covered by the regular coordinate chart (R, T ).
Spacetime is actually static only in the left and right sectors (I and III), where T is a
timelike coordinate and R spacelike: the static patches are bounded by the horizons.
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frame is not static. The relations between (T,R) and (η, χ) in static and non-static
regions mirros those in Schwarzshild black hole solution between the static and the
global (Kruskal-Szekeres) coordinates. Here η and χ are the global coordinates.
43. Flat dS. The scale factor in flat de Sitter is a(t) = H−1Λ e
HΛt.
(a) Find the range of values spanned by conformal time η˜ and comoving distance χ˜ in
the flat de Sitter space
(b) Verify that coordinate transformation
η˜ =
− sin η
cosχ− cos η , χ˜ =
sinχ
cosχ− cos η (1.66)
bring the metric to the form of that of de Sitter in closed slicing (it is assumed that
η˜ = 0 is chosen to correspond to infinite future).
(c) Which part of the conformal diagram is covered by the coordinate chart (η˜, χ˜)? Is
the flat de Sitter space geodesically complete?
(d) Where are the particle and event horizons in these coordinates?
Solution. As t ∈ (−∞,+∞),
η˜ =
∫
dt
a(t)
= HΛ
t∫
+∞
dt e−HΛt = −e−HΛt ∈ (−∞, 0). (1.67)
Here we choose +∞ as the lower limit, because at −∞ the integral diverges.
(a) Direct calculation yields (1.58), with η ∈ (0, pi), χ ∈ (0, pi);
(b) The upper triangle η > χ, above the particle horizon, on which η˜ → −∞. It is not
geodesically complete, as geodesics are cut at the particle horizon.
(c) The particle horizon is the boundary of the patch of full dS space covered by flat
slicing coordinates, and event horizon in these coordinates exists only in the latter
part of evolution, for η > pi/2.
44. Infinities. What parts of the spacetime’s boundary on the conformal diagram of flat de
Sitter space corresponds to
(a) spacelike infinity i0, where χ˜→ +∞;
(b) past timelike infinity i−, where η˜ → −∞ and from which all timelike worldlines
emanate
(c) past lightlike infinity J−, from which all null geodesics emanate?
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Solution.
(a) The one point at the left of the diagram;
(b) the one point at the bottom;
(c) the particle horizon.
45. Open dS. Consider the de Sitter space in open slicing, in which a(t) = HΛ sinh(HΛt), so
conformal time is
η˜ =
t∫
+∞
dt
a(t)
, (1.68)
where again the lower limit is chosen so that the integral is bounded.
(a) Find η˜(t) and verify that coordinate transformation from (η˜, χ˜) to η, χ, such that
tanh η˜ =
− sin η
cos cosχ
, tanh χ˜ =
sinχ
cos η
(1.69)
brings the metric to the form of de Sitter in closed slicing.
(b) What are the ranges spanned by (η˜, χ˜) and (η, χ)? Which part of the conformal
diagram do they cover?
Solution. After getting
sinh η˜ = − 1
sinh(HΛt)
, (1.70)
Figure 1.14: The de Sitter Universe in flat sections’ coordinates, which cover only
half of it. The boundary – the particle horizon – consists of three different infinities.
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the first part is checked straightforwardly; in the open de Sitter χ˜ ∈ [0,+∞), and η˜ ∈
(−∞, 0). The region covered by coordinates (η˜, χ˜) is {η > χ+pi/2}, only one eighth part
of the full diagram.
Figure 1.15: The de Sitter Universe in open sections’
coordinates, which cover only 1/8th of the full diagram.
46. Minkowskii 1. Rewrite the Minkowski metric in terms of coordinates (η, χ), which are
related to (t, r) by the relation
tanh η˜ =
sin η
cosχ
, tanh χ˜ =
sinχ
cos η
(1.71)
that mirrors the one between the open and closed coordinates of de Sitter. Construct
the conformal diagram and determine different types of infinities. Are there new ones
compared to the flat de Sitter space?
Solution. Coordinate transformation gives
ds2 =
1
cos2 χ− sin2 η
[
dη2 − dχ2 −Ψ2(η, χ)dΩ2]. (1.72)
Here r ∈ [0,+∞) and t ∈ (−∞,+∞). Comparing with the relation between (η˜, χ˜) with
conformal coordinates (η, χ) in the open de Sitter universe, where η˜ ∈ (−∞, 0), we see
that the difference is that η˜ spans (−∞, 0), while now t spans twice the range, (−∞,∞).
Therefore the conformal diagram is composed of two triangles, one the same as for open
de Sitter and one for its time-reversed copy. Accordingly there now appear future timelike
infinity i+ and future lightlike infinity J+.
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Figure 1.16: The Minkowski spacetime in two different pairs of conformal coordinates and
the full set of infinities. Thin dashed and solid lines show the images of coordinate grid (t, r).
47. Minkowski 2. The choice of conformal coordinates is not unique. Construct the conformal
diagram for Minkowski using the universal scheme: first pass to null coordinates, then
bring their span to finite intervals with arctan (one of the possible choices), then pass
again to timelike and spacelike coordinates.
Solution. We start from spherical coordinates
ds2 = dt2 − dr2 − r2dΩ2. (1.73)
(a) The first step is introducing null coordinates
u = t− r, v = t+ r, (1.74)
so that
ds2 = 4du dv − (v − u)
2
4
dΩ2. (1.75)
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(b) Then bring the range of values to finite intervals
U = arctanu, V = arctan v, (1.76)
so that
ds2 =
1
4 cos2 U cos2 V
[
4dU dV − sin2(V − U)dΩ2]. (1.77)
The whole spacetime is simply the half of the square U, V ∈ (−pi/2, pi/2), in which
r > 0, i.e. v > u ⇔ V > U : on the plane (U, V ) it is the triangle
− pi/2 < U < V < pi/2. (1.78)
(c) Finally, go back to spacelike and timelike coordinates
T = V + U, R = V − U (1.79)
so that metric becomes
ds2 =
1
[cosT + cosR]2
[
dT 2 − dR2 − sin2R dΩ2]. (1.80)
The triangle is shrunken by
√
2 and rotated by 3pi/4 clockwise, thus turning into
{R > 0, |T | < pi/2−R}. (1.81)
This is the same form as obtained by the other construction (up to scaling, which
is purely decorative).
48. Draw the conformal diagram for the Milne Universe and show which part of Minkowski
space’s diagram it covers.
Solution. Minkowski metric ds2 = dT 2 − dR2, rewritten in terms of (τ, r) such that
T = τ cosh r, R = τ sinh r, (1.82)
is the metric of the Milne Universe. As Minkowski space is complete, the Milne Universe
then is a part of Minkowski in different variables. This part is where T > R. The
boundary T = R is the future light cone, so the whole Milne Universe is represented by
the triangle homothetic to the whole space but 4 times smaller in area, with the common
node of future infinity.
49. Consider open or flat Universe filled with matter that satisfies strong energy condition
ε + 3p > 0. What are the coordinate ranges spanned by the comoving coordinate χ˜
and conformal time η˜? Compare with the Minkowski metric and construct the diagram.
Identify the types of infinities and the initial Big Bang singularity.
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Solution. For flat Universe χ˜ = r, for the open χ˜ = sinh r, so in both cases χ˜ ∈
(0,+∞).
Strong energy condition implies that w > −1/3, so
ρ ∼ a−3(1+w) = a−n, (1.83)
where n > 2. From the first Friedman equation then after simple manipulations we
obtain that
da
dt
∼ a−θ, (1.84)
where θ is some positive number. Therefore both
t ∼
∫
da aθ, and η =
∫
da
a
aθ (1.85)
converge at a→ 0 and diverge at a→∞. Consequently, the integration constant can be
chosen so that η ∈ (0,+∞).
The conformal structure is the same as that of the upper half of Minkowski spacetime.
The Big Bang singularity at η = 0 is at the cut, and there are spacelike infinity, future
infinity and future null infinity.
Figure 1.17: The Milne Universe on (a part of)
Minkowski’s conformal diagram. It has the same shape
and shares the same future infinity, but covers one eighth
of the area. The boundary is the past horizon.
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Figure 1.18: Conformal diagrams for open or flat Universes. The
one on the left is for ones filled with matter which satisfies the
strong energy condition (SEC), and the one on the right for ones
in which SEC does not hold, such as in case of power-law inflation.
50. Draw the conformal diagram for open and flat Universes with power-law scale factor
a(t) ∼ tn, with n > 1. This is the model for the power-law inflation. Check whether the
strong energy condition is satisfied.
Solution. As seen in the previous problem, if strong energy condition were satisfied,
we would have a˙ ∼ a−θ with some positive θ; this is not the case, so the condition is
violated. As t ∈ (0,+∞),
η ∼
∫
dt
tn
(1.86)
diverges at small a (thus also small t) and converges at a → ∞ (thus as large t). So
integration constant can be chosen so that η ∈ (−∞, 0).
The conformal structure is the same as lower half of Minkowski spacetime. The cut is
regular future infinity, and from Minkowski there are spacelike infinity, past null infinity,
and past infinity. The point of past infinity corresponds to Big Bang and is singular.
1.5 Conformal diagrams: stationary black holes
In the context of black hole spacetimes there are many subtly distinct notions of horizons, with
the most useful being different from those used in cosmology. In particular, particle horizons
do not play any role. The event horizon is defined not with respect to some selected observer,
33
but with respect to all external observers: in an asymptotically flat spacetime2 a future event
horizon is the hypersurface which separates the events causally connected to future infinity
and those that are not. Likewise the past event horizon delimits the events that are causally
connected with past infinity or not. Another simple but powerful concept is the Killing horizon:
in a spacetime with a Killing vector field ξµ it is a (hyper-)surface, on which ξµ becomes lightlike.
We will see explicitly for the considered examples that the Killing horizons are in fact event
horizons by constructing the corresponding conformal diagrams. In general, in the frame of
GR a Killing horizon in a stationary spacetime is (almost) always an event horizon and also
coincides with most other notions of horizons there are.
This section elaborates on the techniques of constructing conformal diagrams for stationary
black hole solutions. The construction for the Schwarzschild black hole, or its variation, can
be found in most textbooks on GR; for the general receipt see [5].
1.5.1 Schwarzschild-Kruskal black hole solution
51. Schwarzschild exterior. The simplest black hole solution is that of Schwarzschild, given
by
ds2 = f(r)dt2 − dr
2
f(r)
− r2dΩ2, f(r) = 1− rg
r
, (1.87)
where rg is the gravitational radius, and dΩ
2 is the angular part of the metric, which we
will not be concerned with. The surface r = rg is the horizon. Focus for now only on the
external part of the solution,{−∞ < t < +∞, rg < r < +∞)}.
The general procedure of building a conformal diagram for the (t, r) slice, as discussed in
the cosmological context earlier, works here perfectly well, but needs one additional step
in the beginning:
(a) use a new radial coordinate to bring the metric to conformally flat form;
(b) pass to null coordinates;
(c) shrink the ranges of coordinate values to finite intervals with the help of arctan;
(d) return to timelike and spacelike coordinates.
Identify the boundaries of Schwarzschild’s exterior region on the conformal diagram and
compare it with Minkowski spacetime’s.
2Meaning the spacetime possesses the infinity with the same structure as that of Minkowski, which is
important.
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Solution.
(a) In terms of the new (“tortoise”) coordinate
x =
∫
dr
f(r)
= r + rg ln |r − rg| (1.88)
we get
ds2 = f(r(x))
[
dt2 − dx2]. (1.89)
The horizon is pushed to infinity: x→ −∞.
(b) Introduce
v = t+ x, u = t− x (1.90)
The horizon is at v → −∞ when u = const (past horizon) and at u → −∞
when v = const (future horizon). The asymptotically flat infinity is in the opposite
direction: at v → +∞ when u = const and at u→ +∞ when v = const
Figure 1.19: Conformal diagram for the exterior region of
Schwarzschild. The dashed part of the boundary is the horizon;
dash-dotted thin lines represent null geodesics; thin red lines are
lines of constant r, thin blue lines are lines of constant t.
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(c) Pass to V = arctan v and U = arctanu; the horizon now becomes two lines at
V = −pi/2 and U = −pi/2. The infinity is V = +pi/2 and U = +pi/2. The full
exterior region is the square enclosed by those four lines.
(d) Transformation to T = V + U , R = V − U rotates this square by pi/4 and this
is the conformal diagram block that we need. There is a past and future horizon.
Note that while past should be below and future above (we expect the spacetime to
be oriented, so that the direction of future is always uniquely determined), there is
no rule that says that the horizons must be on the left and infinities on the right.
Thus there are two mirror-reflected variants, with the horizons on the left and on
the right.
52. Schwarzschild interior. The region r ∈ (0, rg) represents the black hole’s interior, between
the horizon r = rg and the singularity r = 0. Construct the conformal diagram for this
region following the same scheme as before.
(a) Which of the coordinates (t, r) are timelike and which are spacelike?
(b) Is the singularity spacelike or timelike?
(c) Is the interior solution static?
The Schwarzschild black hole’s interior is an example of the T-region, where f(r) < 0, as
opposed to the R-region, where f(r) > 0.
Solution. The procedure is exactly the same as for the exterior region, the only thing
that is different is the ranges of coordinates used and reversal of the timelike and spacelike
coordinates:
(a) Now t is spacelike and r a timelike coordinate:
ds2 = |f(r)|−1dr2 − |f(r)|dt2. (1.91)
(b) The singularity r = 0 is therefore a spacelike one-dimensional object: one does not
“reach” it or not, instead one lives until the specified time.
(c) The interior solution in not static, as the metric essentially depends on the new time
coordinate r (or −r).
The null coordinates then are (note the second sign)
v = t+ x, u = x− t. (1.92)
The horizon is at v → −∞ when u = const and at u → −∞ when v = const. After
shrinking with arctan it is pulled to v = −pi/2 and u = −pi/2. The third part of the
boundary, corresponding to the singularity r = 0, is v + u = const.
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Finally, we return to timelike and spacelike coordinates by introducing (there are two
ways of choosing the sign)
T = ±(v + u), R = V − U. (1.93)
The resulting conformal diagram is a 45 degrees right triangle with the right angle point-
ing either up (then the singularity is in the past) or down (then the singularity is in
future). Note that we will know which of the horizons is past and which is future only
when we match the blocks with the ones that have the corresponding infinities (although
one can guess already where those will be).
Figure 1.20: Conformal diagram for the interior region of Schwarzschild
with future singularity. The dashed part of the boundary is the hori-
zon(s); dash-dotted thin lines represent null geodesics; thin red lines
are lines of constant r, thin blue lines are lines of constant t.
53. Geodesic incompleteness and horizon regularity. Consider radial motion of a massive
particle and show that the exterior and interior parts of the Schwarzschild are not by
themselves geodesically complete, i.e. particle’s worldlines are terminated at the horizon
at finite values of affine parameter. Show that, on the other hand, the horizon is not a
singularity, by constructing the null coordinate frame, in which the metric on the horizon
is explicitly regular.
Solution. The geodesic equation is obtained from normalization condition
ε2 = uµuµ = f(r)
( dt
dλ
)2
− f−1(r)
(dr
dλ
)2
, (1.94)
where ε2 = 0 or ε2 = 1 for null and timelike geodesics respectively, and conservation
equation due to the Killing vector
E = uµξµ = u0 = f(r)
dt
dλ
, (1.95)
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and reads
dλ
dr
=
[
E2 − f(r)ε2
]−1/2
. (1.96)
The integral λ(r) converges at r = rg, so the value of the affine parameter at the horizon
is finite.
In regard to regularity let us start from the exterior region. In terms of u, v the metric
has the overall conformal factor, which turns to zero at the horizon:
f(r) ∼ (r − rg) ∼ eln(r−rg) ∼ ex ∼ e(v−u)/2, (1.97)
so in order to eliminate that, we just need to use new null coordinates (u′, v′), such that
the conformal factor in
ds2 ∼
(
e−u/2
du
du′
)
·
(
e+v/2
dv
dv′
)
· du′dv′ (1.98)
is finite and does not turn to zero. This is achieved e.g. by coordinate transformation to
u′ = eu/2, v′ = e−v/2. (1.99)
After this one can carry out the second part of construction of the conformal diagram.
54. Piecing the puzzle. Geodesic incompleteness means the full conformal diagram must be
assembled from the parts corresponding to external and internal solutions by gluing them
together along same values of r (remember that each point of the diagram corresponds
to a sphere). Piece the puzzle.
Note that a) there are two variants of both external and internal solutions’ diagrams,
differing with orientation and b) the boundaries of the full diagram must go along either
infinities or singularities.
Solution. Starting from any one of the four pieces, there is only one way to assemble
the diagram, and one has to use all the parts:
The horizon structure is very similar to that of full de Sitter spacetime in open slicing or
“static” coordinates (the notions and properties of R- and T-regions apply equally well),
while the structure of infinity is the same as that of Minkowski, and additionally there
are singularities.
Finally, one could note that the form of the conformal block for the exterior solution was
determined from the start. First, we have asymptotic flatness, therefore the Minkowski’s
structure of infinity. This is already half of the block’s boundary.
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Figure 1.21: The puzzle pieces: two for the exterior region (above)
and two for the interior region (below).
Figure 1.22: The full conformal diagram for the
(maximally extended) Schwarzschild solution.
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1.5.2 Other spherically symmetric black holes
The Schwarzschild metric (1.87) is the vacuum spherical symmetric solution of Einstein’s equa-
tion. If we add some matter, we will obtain a different solution, e.g. Reissner-Nordstro¨m for an
electrically charged black hole. In all cases, spherical symmetry means that in appropriately
chosen coordinate frame the metric takes the same form (1.87),
ds2 = f(ρ)dt2 − dρ
2
f(ρ)
− r2(ρ)dΩ2, (1.100)
but with some different function f(ρ): one can always ensure that the metric functions have
this form by choosing the appropriate radial coordinate3 ρ. The angular part ∼ dΩ2 does not
affect causal structure and conformal diagrams. The zeros ρ = ρ? of f(ρ) define the surfaces,
which split the full spacetime into R- and T-regions and are the horizon candidates.
55. Killing horizons. Consider radial geodesic motion of a massive or massless particle. Make
use of the integral of motion E = −uµξµ due to the Killing vector and find ρ(t) and ρ(λ),
where λ is the affine parameter (proper time τ for massive particles)
(a) When is the proper time of reaching the horizon τ ? = τ(ρ?) finite?
(b) Verify that surface ρ = ρ? is a Killing horizon
Solution. The formulas derived for Schwarzschild (1.95) and (1.96) still work, just now
f(ρ) is not fixed.
(a) As for almost all particles dτ/dρ stays bounded, the proper time of reaching the
horizon candidate at ρ = ρ? is finite if and only if ρ? itself is finite. Otherwise
we would have the “horizon” at infinite proper distance. It can be called a remote
horizon, but extension across such a surface is not possible and not needed, as
spacetime in that direction is already geodesically complete.
(b) The Killing vector that forms the horizon is ξt = ∂t, its norm |ξt|2 = gtt = f . Thus
ρ = ρ? is indeed a Killing horizon by definition.
56. Extension across horizons. Let us shift the ρ coordinate so that ρ? = 0, and assume that
f(ρ) = ρqF (ρ), q ∈ N, (1.101)
where F is some analytic function, with F (0) 6= 0. Suppose we want to introduce a new
radial “tortoise” coordinate x, such that the two-dimensional part of the metric in terms
of (t, x) has the conformally flat form:
ds22 = f(ρ(x))
[
dt2 − dx2]. (1.102)
3It is sometimes called the “quasiglobal coordinate”
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(a) What is the asymptotic form of relation ρ(x)?
(b) Rewrite the metric in terms of null coordinates
V = t+ x, W = t− x. (1.103)
Where is the horizon in terms of these coordinates? Is there only one?
(c) Suppose we pass to new null coordinates V = V (v) and W = W (w). What con-
ditions must be imposed on functions V (v) and W (w) in order for the mixed map
(v,W ) to cover the past horizon and the map (w, V ) to cover the future horizon
without singularities?
Solution.
(a) Integrating dx = f−1dρ, one obtains
ρ ∼
{
exF (0), for q = 1,
|x|−1/(q−1) for q > 1. (1.104)
We see that x → −∞ at the horizon. It converges for q < 1, but in this case one
can show that the Kretschmann scalar RµνρσR
µνρσ diverges, so this is not a horizon
but a singularity.
(b) ds2 = f dV dW ; the horizon is at x → −∞ while t is fixed, so in terms of V and
W it is split into two parts: the future horizon at V → −∞ while W is fixed, and
the past horizon at W → +∞ while V is fixed.
(c) Near the past horizon in terms of (v,W ) the metric takes form
ds2 =
(
f
dW
dw
)
dV dw, (1.105)
while W ≈ −x, so for it to be regular there we need
dW
dw
∼ f−1 ∼ ρq ∼
{
|x|(1−q)/q ∼ W (1−q)/q for q > 1,
exF (0) ∼ e−WF (0) for q = 1, (1.106)
and after integrating
W ∼
{
w1−q for q > 1,
lnw for q = 1.
(1.107)
The same way the asymptotic relation V (v) is found near the future horizon.
Thus a horizon candidate ρ = ρ? is defined by condition f(ρ?) = 0. If ρ? = ±∞, then the
proper time of reaching it diverges, so it is not a horizon, but an infinitely remote boundary of
spacetime. It can be a remote horizon if x? = ±∞. In case x? = O(1) the candidate is not a
horizon, but a singularity, so again there is no continuation. An asymptotically flat spacetime
by definition has the same structure of infinity as that of Minkowski spacetime; in general this
is not always the case—recall the de Sitter and other cosmological spacetimes.
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57. Infinities, horizons, singularities. Draw the parts of conformal diagrams near the bound-
ary that correspond to the limiting process
ρ→ ρ0, |ρ0| <∞, (1.108)
under the following conditions:
(a) spacelike singularity: f(ρ0) > 0, |x0| <∞;
(b) timelike singularity: f(ρ0) < 0, |x0| <∞;
(c) asymptotically flat infinity: ρ0 = ±∞, f(ρ)→ f0 > 0;
(d) a horizon in the R region: f(ρ)→ +0, |x0| → ∞;
(e) a horizon in the T region: f(ρ)→ −0, |x0| → ∞;
(f) remote horizon in a T-region: ρ0 = ±∞, f(ρ)→ − < 0;
Remember that any spacelike line can be made “horizontal” and any timelike one can be
made “vertical” by appropriate choice of coordinates.
Solution.
(a) Horizontal line, approached either from above or from below; it acts as the boundary
of spacetime – there is no continuation across (see Fig. 1.23);
Figure 1.23: Space-like singularity
(b) Vertical line, approached either from the left or from the right; as it is singular,
there is again no continuation (see Fig. 1.24);
Figure 1.24: Time-like singularity
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(c) This is the infinitely remote part of Minkowski spacetime, from future infinity, to
future null infinity, to spacelike infinity, to past null infinity, and finally to past
infinity; it can constitute either the left or the right boundary of a conformal block
and has the shape of “>” or “<” (see Fig. 1.25);
Figure 1.25: Minkowski infinity
(d) The same as the Schwarzschild horizon as approached from the exterior region: the
two sides of a triangle pointed left “<” or right “<” and approached from the inside;
thus the shape is the same as above, but now the horizon allows continuation across
(see Fig. 1.26);
Figure 1.26: Horizon as boundary of an R-region
(e) The same as Schwarzschild horizon as approached from the interior region: two sides
of a triangle pointed up “∧” or down “∨” and approached from the inside (see Fig.
1.27).
Figure 1.27: Horizon as boundary of a T-region
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(f) Two diagonal lines – a corner of a triangle, – pointed up or down, and approached
from the inside. Thus the shape is the same as in the previous case, “∧” or “∨”;
the difference is that now there is no continuation across (see Fig. 1.28).
Figure 1.28: Remote horizon as a boundary of a T-region
For arbitrary f(ρ) we can
• split the full spacetime into regions between the zeros ρi of f(ρ);
• draw for each region the conformal diagram, which is a square ♦ or half of it 4, ∇, /, .;
• glue the pieces together along the horizons ρ = ρi, while leaving singularities and infinities
as the boundary.
The resulting diagram can turn out to be either finite, as for Schwarzshild, when singularities
and infinities form a closed curve enclosing the whole spacetime, or not.
58. Examples. Draw the conformal diagrams for the following spacetimes:
(a) Reissner-Nordstro¨m charged black hole:
f(r) = 1− rg
r
+
q2
r2
, 0 < q < rg, r > 0; (1.109)
(b) Extremal Reissner-Nordstro¨m charged black hole
f(r) =
(
1− q
r
)2
, q > 0, r > 0; (1.110)
(c) Reissner-Nordstro¨m-de Sitter charged black hole with cosmological constant (it is
not asymptotically flat, as f(∞) 6= 1)
f(r) = 1− rg
r
+
q2
r2
− Λr
2
3
q,Λ > 0; (1.111)
analyze the special cases of degenerate roots.
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Solution.
(a) In the generic case there are two positive roots +∞ > r+ > r− > 0, which give
horizons, while r = 0 is a singularity. This gives us three regions between the
roots: (a) r ∈ (r+,+∞) between the horizon and asymptotically flat infinity, thus
having the same structure as the Schwarzschild exterior region and the shape of a
“diamond” ♦; (b) r ∈ (r−, r+) is a T-region between the horizons (the shape is the
same ♦) and (c) r ∈ (0, r−) is again an R-region between the timelike singularity
and the horizon. The timelike singularity turns the latter conformal diagram into
a triangle, . or /. Gluing all the blocks together gives us the left diagram of Fig.
1.29.
(b) Due to degeneracy the T-region is absent, instead the two kinds of R-regions are
separated by double horizons; the III-blocks on the right vanish, while on the left
the singularity merges into a solid vertical line.
Figure 1.29: Conformal diagrams for the generic (with no degenerate horizons)
Reissner-Nordstro¨m black hole solution on the left and the extremal (with double
horizon) Reissner-Nordstro¨m on the right. Blocks I and III are R-regions, blocks II
are T-regions. Horizons are denoted by dashed lines, infinities by solid thick lines,
singularities by wriggling curves. Both diagrams are infinitely continued up and down.
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(c) There can be up to three positive roots of f in case Λ > 0: r− < r+ < rΛ. Then
there are four different conformal blocks:
i. block IV for the R-region between the timelike singularity and the inner horizon
r ∈ (0, r−): /, .;
ii. block III for the T-region between the two horizons r ∈ (r−, r+); it is the same
as for Reissner-Nordstro¨m: ♦;
iii. block II for the R-region between the horizons r ∈ (r+, rΛ); it differs from
the exterior region of Reissner -Nordstro¨m or Schwarzschild by replacement of
asymptotic infinity with another pair of horizons. The shape is the same, ♦,
but the boundary now allows continuation across it in all directions;
iv. block I for the T-region between the external (cosmological) horizon and the
de-Sitter-like infinity. The structure of infinity is determined by f(r) for large
r, where the ∼ 1/r and 1/r2 terms can be neglected, so effectively we have
the de Sitter spacetime. Thus the infinity is spacelike and represented by one
horizontal line. The block is the triangle: 4,∇ (the same as the upper and
lower sectors of the exact full de Sitter spacetime).
The full diagram is shown on Fig. 1.30.
I
II
III
IV II
III
IV
I
II
III
IV
I
II
III
IV
I
II
III
IV
I
II
III
IV
III
I
III
Figure 1.30: Conformal diagram for the Reissner-Nordstro¨m-de Sitter black hole solution.
T-regions are shaded with darker grey. The diagram is infinitely continued up and down.
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1.6 Hubble sphere
The Hubble radius is the proper distance RH(t) = cH
−1(t). The sphere of this radius is called
the Hubble sphere. From definition, the Hubble recession “velocity” of a comoving observer
on the Hubble sphere is v(RH) = HRH = c and equal to the speed of light c. This is true, of
course, at the same moment of time t, for which H(t) is taken.
59. All galaxies inside the Hubble sphere recede subluminally (slower than light) and all
galaxies outside recede superluminally (faster than light). This is why the Hubble sphere
is sometimes called the “photon horizon”. Does this mean that galaxies and their events
outside the photon horizon are permanently hidden from the observer’s view? If that
were so, the photon horizon would also be an event horizon. Is this correct?
Solution. At first glance, observation of galaxies beyond the Hubble sphere appears
to be an unsolvable problem. As Eddington in 1933 wrote: “Light is like a runner on
an expanding track with the winning-post receding faster than he can run.” But never
give up! In most models of the Universe the Hubble parameter H is not constant. In a
decelerating universe the Hubble radius RH increases with time. Moreover, the Hubble
sphere expands faster than the Universe, so that the edge of the Hubble sphere – the
photon horizon – overtakes the receding galaxies. Light rays outside the Hubble sphere
moving toward us may therefore eventually be overtaken by the photon horizon. They
will then be inside the Hubble sphere and will at last start approaching us. Eddington’s
runner sees the winning-post receding, but he must keep running and not give up; the
expanding track is slowing down and eventually the winning-post will be reached.
60. Show, by the example of static universe, that the Hubble sphere does not coincide with
the boundary of the observable Universe.
Solution. The observable Universe is limited by the particle horizon, and if the Hubble
sphere and the observable Universe were the same, the latter in a static Universe would
be infinitely large (H0 = 0, so RH = ∞). But static Universes of finite age have par-
ticle horizons at finite distance. So, the Hubble sphere cannot be the boundary of the
observable Universe.
61. Estimate the ratio of the volume enclosed by the Hubble sphere to the full volume of a
closed Universe.
62. Show that in a spatially flat Universe (k = 0), in which radiation is dominating, the
particle horizon coincides with the Hubble radius.
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63. Find the dependence of comoving Hubble radius RH/a on scale factor in a flat Universe
filled with one component with the state equation ρ = wp.
64. Express the comoving particle horizon through the comoving Hubble radius for the case
of domination of a matter component with state parameter w.
65. Show that
dRH
dt
= c(1 + q), (1.112)
where
q = − a¨/a
H2
(1.113)
is the deceleration parameter.
Solution. As RH = H
−1 = a/a˙, the answer is obtained after one differentiation.
66. Show that
dLp
dt
= 1 +
Lp
RH
. (1.114)
Solution. Using the definition Lp = a
∫ t
dta−1, we obtain this after differentiation.
67. Show that in the Einstein-de Sitter Universe the relative velocity of the Hubble sphere
and galaxies on it is equal to c/2.
68. Find a(t) in a universe with constant positive deceleration parameter q.
Solution. Using
H˙ =
a¨
a
− a˙
2
a2
, (1.115)
and the condition q = const, we get
d
dt
H−1 = 1 + q, (1.116)
thus H−1 = (1 + q)t and a ∼ tn with
n =
1
1 + q
. (1.117)
Also q > 0 means n < 1.
69. Show that in universes of constant positive deceleration q, the the ratio of distances to
the particle and photon horizons is 1/q.
70. Show that the Hubble sphere becomes degenerate with the particle horizon at q = 1 and
with the event horizon at q = −1.
71. Show that if q is not constant, comoving bodies can be inside and outside of the Hubble
sphere at different times. But not so for the observable universe; once inside, always
inside.
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Solution. From (1.112) we see that recession velocity of the Hubble sphere can be
lesser or greater than c, depending on the sign of q. As recession velocity of matter on
it is exactly c, be definition, this means that matter can cross the Hubble sphere in both
directions at different times.
“Horizons are like membranes; the photon horizon acts as a two-way membrane (comov-
ing bodies can cross in both directions depending on the value of q), and the particle
horizon acts like a one-way membrane (comoving bodies always move in and never out).”
E. Harrison, Science of the Universe.
1.7 Proper horizons
The following five problems are based on work by F. Melia [6].
Standard cosmology is based on the FLRW metric for a spatially homogeneous and isotropic
three-dimensional space, expanding or contracting with time. In the coordinates used for this
metric, t is the cosmic time, measured by a comoving observer (and is the same everywhere),
a(t) is the expansion factor, and r is an appropriately scaled radial coordinate in the comoving
frame.
F. Melia demonstrated the usefulness of expressing the FRLW metric in terms of an
observer-dependent coordinate R = a(t)r, which explicitly reveals the dependence of the ob-
served intervals of distance, dR, and time on the curvature induced by the mass-energy content
between the observer and R; in the metric, this effect is represented by the proximity of the
physical radius R to the cosmic horizon Rh, defined by the relation
Rh = 2GM(Rh).
In this expression, M(Rh) is the mass enclosed within Rh (which terns out to be the Hubble
sphere). This is the radius at which a sphere encloses sufficient mass-energy to create divergent
time dilation for an observer at the surface relative to the origin of the coordinates.
72. Show that in a flat Universe Rh = H
−1(t).
Solution. By definition
Rh =
( 3
8piGρ
)1/2
=
1
H(t)
.
73. Represent the FLRW metric in terms of the observer-dependent coordinate R = a(t)r.
Solution. It is convenient to recast FLRW metric using a new function f(t)
a(t) = ef(t).
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In that case
ds2 = c2dt2 − e2f(t) (dr2 + r2dΩ2) .
Making the coordinate transformation to the radial coordinate r = Re−t, we obtain
ds2 = Φ
[
dt+
(
Rf˙
)
Φ−1dR
]2
− Φ−1dR2 −R2dΩ2,
where for convenience we have defined the function
Φ = 1− (Rf˙)2.
It is easy to see, that the radius of the cosmic horizon for the observer at the origin is
Rh = 1/f˙ =
a
a˙
=
1
H
and
Φ = 1− R
Rh
.
Finally, we obtain
ds2 = Φ
[
dt+
R
Rh
Φ−1dR
]2
− Φ−1dR2 −R2dΩ2 =
=
(
1− R
Rh
)[
dt+
R/Rh
1−R/RhdR
]2
− dR
2
1−R/Rh −R
2dΩ2.
74. Show, that if we were to make a measurement at a fixed distance R away from us, the time
interval dt corresponding to any measurable (non-zero) value of ds must go to infinity as
r → Rh.
Solution. Let us examine the behavior of the interval ds connecting any arbitrary pair
of spacetime events at R. For an interval produced at R by the advancement of time
only dR = dΩ = 0, metric obtained in previous problem gives
ds2 = Φdt2.
Function Φ→ 0 as R→ Rh, thus for any measurable (non-zero) value of ds the interval
dt must go to infinity as R → Rh. In the context of black-hole physics (see Chapter
4), we recognize this effect as the divergent gravitational redshift measured by a static
observer outside of the event horizon.
75. Show that Rh is an increasing function of cosmic time t for any cosmology with w > −1.
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Solution. It is straightforward to demonstrate from Friedman equations that
R˙h =
3
2
(1 + w).
Consequently, R˙h > 0 for w > −1.
“Rh is fixed only for de Sitter, in which ρ is a cosmological constant and w = −1. In
addition, there is clearly a demarcation at w = −1/3. When w < −1/3, Rh increases
more slowly than lightspeed (c = 1 here), and therefore our universe would be delimited
by this horizon because light would have traveled a distance t0 greater than Rh(t0) since
the big bang. On the other hand, Rh is always greater than t when w > −1/3, and our
observational limit would then simply be set by the light travel distance t0”.
76. Using FLRW metric in terms of the observer-dependent coordinate R = a(t)r, find Φ(R, t)
for the specific cosmologies:
a) the De Sitter Universe ;
b) a cosmology with Rh = t, (w = −1/3);
c) radiation dominated Universe (w = 1/3);
d) matter dominated Universe (w = 0).
Solution. Let us consider all cases separately
a) De Sitter
H = H0 = const, a(t) = e
H0t, f = ln a(t) = H0t.
In this case R˙h = 0 and therefore Rh is fixed
Rh =
1
H0
.
b) an equation of state w = −1/3 is the only one for which the current age, t0, of the
Universe can equal the light-crossing time, th = Rh. In this case
ds2 = Φ
[
cdt+
(R
t
)
Φ−1dR
]2
− Φ−1dR2 −R2dΩ2, (1.118)
Φ = 1−
(
R
ct
)2
(1.119)
The cosmic time dt diverges for a measurable line element as R→ Rh = t.
c) In the case of radiation domination
a(t) = (2H0t)
1/2, f(t) =
1
2
ln (2H0t) , f˙ =
1
2t
ds2 = Φ
[
dt+
(
R
2t
)
Φ−1dR
]2
− Φ−1dR2 −R2dΩ2,
Φ = 1−
(
R
2t
)2
.
51
Thus, measurements made at a fixed R and t still produce a gravitationally-induced
dilation of dt as R increases, but this effect never becomes divergent within that
portion of the Universe (i.e., within t0) that remains observable since the Big Bang.
d) Matter domination:
a(t) = (3/2H0t)
2/3, f(t) =
2
3
ln (3/2H0t) , f˙ =
2
3t
ds2 = Φ
[
dt+
(
R
3t/2
)
Φ−1dR
]2
− Φ−1dR2 −R2dΩ2,
Φ = 1−
(
R
3t/2
)2
The situation is similar to that for a radiation dominated universe, in that Rh always
recedes from us faster than lightspeed. Although dilation is evident with increasing
R, curvature alone does not produce a divergent redshift.
1.8 Inflation
77. Is spatial curvature important in the early Universe? Compare the curvature radius with
the particle horizon.
Solution. While three-space curvature radius is of the order of a, the particle horizon
in the radiation-dominated early Universe is ∼ ct. At Planck’s time then
aPl ∼ a0 T0
TPl
∼ 10−4cm, (1.120)
while the particle horizon is of the order of Planck length ∼ 10−33cm. Thirty orders of
magnitude make spatial curvature utterly negligible.
78. Comoving Hubble radius
rH =
RH
a
=
1
aH
=
1
a˙
(1.121)
plays crucial role in inflation. Express the comoving particle horizon le in terms of rH .
Solution. Starting from definition,
lp(t) =
t∫
0
dt
a(t)
=
a∫
0
da
Ha2
=
∫
d ln a
Ha
=
∫
d ln a rH(a). (1.122)
79. Show that for the conventional Big Bang expansion (with w ≥ 0) the comoving particle
horizon and Hubble radius grow monotonically with time.
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Solution. As ρ ∼ a−3(1+w), from the first Friedman equation
H2 ∼ ρa−3(1+w), aH ∼ a−(1+3w)/2, rH ∼ a(1+3w)/2, (1.123)
and using the result of the previous problem,
lp =
a∫
0
da
a
rH ∼ a(1+3w)/2. (1.124)
Note that the comoving particle horizon and comoving Hubble radius have the same
dependence on scale factor (which is due to the power law in a(t)). Qualitatively this
behavior depends on whether (1 + 3w) is positive or negative. For radiation-dominated
(rd) and matter-dominated (md) universes we find l
(rd)
p ∼ a and l(md)p ∼ a1/2 respectively.
The flatness problem
80. The “flatness problem” can be stated in the following way: spacetime in General Rel-
ativity is dynamical, curving in response to matter in the Universe. Why then is the
Universe so closely approximated by Euclidean space? Formulate the “flatness problem”
in terms of the comoving Hubble radius.
Solution. First, we rewrite the first Friedman equation
H2 =
8piG
3
ρ(a)− k
a2
in the form
1− Ω(a) = − k
a2H2
= −k r2H , Ω(a) =
ρ(a)
ρcr(a)
. (1.125)
In standard Big Bang cosmology the comoving Hubble radius rH grows with time and
the quantity |Ω − 1| must also increase. The critical value Ω = 1 is an unstable fixed
point. Therefore, in standard Big Bang cosmology without inflation, the near-flatness
observed today, Ω ∼ 1, requires extreme fine-tuning of Ω close to 1 in the early Universe.
81. Inflation is defined as any epoch, in which scale factor grows with acceleration4, i.e. a¨ > 0.
Show that this condition is equivalent to the comoving Hubble radius decreasing with
time.
Solution. The comoving Hubble radius is
H−1
a
. (1.126)
The condition that it decreases with time is
d
dt
1
aH
=
d
dt
1
a˙
= − a¨
a˙2
< 0, (1.127)
which means a¨ > 0.
4Technically, this includes also the current epoch of cosmological history – late-time accelerated cosmological
expansion.
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82. Show how inflation solves the flatness problem.
Solution. The first Friedmann equation for a non-flat Universe can be rewritten as
|1− Ω(a)| = 1
a2H2
= r2H (1.128)
If the comoving Hubble radius decreases this drives the Universe toward flatness. This
solves the flatness problem. The solution Ω = 1 (flat Universe) is an attractor during
inflation!
The horizon problem
83. What should be the scale of homogeneity in the early Universe, as function of time,
for the observed cosmological background (CMB) to be almost isotropic? Compare this
with the functional dependence of comoving particle horizon on time. How can this be
compatible with the causal evolution of the Universe?
Solution. As shown in previous problems, for the conventional Big Bang expansion the
comoving particle horizon grows monotonically with time. This implies that comoving
scales entering the horizon today have been far outside the horizon at CMB decoupling
(which was at much much earlier times). But the near-isotropy of CMB tells us that the
universe was extremely homogeneous at the time of last-scattering, on scales encompass-
ing many regions that should be causally independent. In order to explain this, we either
need to violate causality, or assume another instance of extreme fine-tuning at the level
of initial conditions. This is the horizon problem.
84. If CMB was strictly isotropic, in what number of causally independent regions tempera-
ture had had to be kept constant at Planck time?
Solution. Currently the Universe is homogeneous and isotropic at the scales of the
order of ct0. The initial (at time ti) size of an inhomogeneity is then li ∼ ct0ai/a0.
Comparing this with the scale of causality lcaus ∼ cti, we get
li
lcaus
∼ t0
ti
ai
a0
. (1.129)
At Planck scale ti ∼ tPl, taking into account that aT ≈ const, we get
li
lcaus
∣∣∣
Pl
∼ t0T0
tPlTPl
∼ 1028. (1.130)
Therefore, in order to reproduce the observed today anisotropy of the CMB at the level
of ∆T/T ∼ 10−5, at Planck time temperature should have been constant to the same
precision in ∼ 1084 causally disconnected regions.
85. Consider the case of dominating radiation. Show, that at any moment in the past, within
the matter comprising today the observable Universe, one can find regions that are out
of causal contact.
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Solution. The maximal size of a causally connected region is given by the particle
horizon, which for dominating radiation behaves as Lp ∼ ct. At the same time, the
physical distance between comoving galaxies increases proportional to a(t) ∼ t1/2. Going
into the past, we will find that the particle horizon decreases much faster than a(t).
Therefore among the galaxies that currently observable, and constitute the observable
Universe today, at any moment of time in the past we can find some that are out of
causal contact. This contradicts the established isotropy of the cosmological background
radiation (on the level of 10−5), and constitutes the essence of the horizon problem.
86. Illustrate graphically the solution of the horizon problem by the inflation scenario.
5.1.2 Flatness Problem Revisited
Recall the Friedmann Equation (41) for a non-flat universe
|1− Ω(a)| = 1
(aH)2
. (49)
If the comoving Hubble radius decreases this drives the universe toward flatness (rather than away
from it). This solves the flatness problem! The solution Ω = 1 is an attractor during inflation.
5.1.3 Horizon Problem Revisited
A decreasing comoving horizon means that large scales entering the p esent universe were inside the
horizon before inflation (see Figure 2). Causal physics before inflation therefore established spatial
homogeneity. With a period of inflation, the uniformity of the CMB is not a mystery.
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 Horizon
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horizon exit horizon re-entry
density fluctuation
Figure 7: Left: Evolution of the comoving Hubble radius, (aH)−1, in the inflationary universe. The
comoving Hubble sphere shrinks during inflation and expands after inflation. Inflation is
therefore a mechanism to ‘zoom-in’ on a smooth sub-horizon patch. Right: Solution of
the horizon problem. All scales that are relevant to cosmological observations today were
larger than the Hubble radius until a ∼ 10−5. However, at sufficiently early times, these
scales were smaller than the Hubble radius and therefore causally connected. Similarly,
the scales of cosmological interest came back within the Hubble radius at relatively recent
times.
5.2 Conditions for Inflation
Via the Friedmann Equations a shrinking comoving Hubble radius can be related to the acceleration
and the the pressure of the universe
d
dt
(
H−1
a
)
< 0 ⇒ d
2a
dt2
> 0 ⇒ ρ+ 3p < 0 . (50)
The three equivalent conditions for inflation therefore are:
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Figure 1.31: Solution of the horizon problem by the inflation scenario [7]
Solution. On the left is evolution of the comoving Hubble radius in the inflationary
universe. The comoving Hu ble sphere shrinks during inflation and expands fter nfla-
tion. What is important for the horizon problem is not the Hubble radius itself, but the
particle horizon. In simple models of inflation, such as de Sitter inflation, they coincide.
When the comoving particle horizon behaves as shown on the figure, inflation works as
a mechanism to ‘zoom-in’ on a smooth sub-horizon patch.
Right: Solution of the horizon problem. All scales that are relevant to cosmological
observations today were larger than the horizon scale until a ∼ 10−5. However, at
sufficiently early times, these scales were smaller than the horizon and therefore causally
connected. Similarly, the scales of cosmological interest came back within the horizon at
relatively recent times.
Growth of perturbations
87. Show that any mechanism of generation of the primary inhomogeneities in the Big Bang
model violates the causality principle.
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Solution. The wavelength of any perturbation λP , as any linear scale, grows as λP ∼
a(t). The Hubble radius is RH = H
−1 = a/a˙. If a ∼ tq, then RH ∼ t ∼ a1/q, therefore
λP
RH
∼ a(q−1)/q. (1.131)
Both for radiation (q = 1/2) and dust (q = 2/3), q < 1, so λP/RH decrease with time.
This leads to conclusion that initial perturbations must be correlated on the scales much
larger than the Hubble radius. Therefore any mechanism of generation of the primary
inhomogeneities in the Big Bang model will contradict the causality principle. If the
mechanism is causal, then the corresponding scale must be less than the Hubble radius,
i.e. λP < RH . However, in case of domination of radiation or matter, for sufficiently
small a this cannot be true.
88. How should the early Universe evolve in order to make the characteristic size λP of
primary perturbations decrease faster than the Hubble radius, if one moves backward in
time?
Solution. The condition can be reformulated as
− d
dt
λP
RH
< 0. (1.132)
As λP ∼ a, and RH ∼ a/a˙, this is equivalent to a¨ > 0, i.e. the expansion must be
accelerated. In other words, if the mechanisms responsible for structure formation are
causal, the Universe must have expanded with acceleration in the past.
1.9 Holography
In the context of holographic description of the Universe (see the minimal introduction on the
subject in the corresponding Chapter) the Hubble sphere is often treated as the holographic
screen, and consequently called a horizon, although technically it is not.
89. Formulate the problem of the cosmological constant (see chapter on Dark Energy) in
terms of the Hubble radius.
Solution. If the dark energy in indeed the cosmological constant, then it introduces a
fundamental length scale to the theory
LΛ ≡ H−1Λ , (1.133)
related to the constant dark energy density ρΛ through the Friedman equation
H2Λ =
8piG
3
ρΛ. (1.134)
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This quantity can be interpreted as the Hubble radius in the universe filled only with
this dark energy and no other matter. There is another fundamental length, the Planck
length lP . The dimensionless combination(RH
lP
)2
∼ 10123. (1.135)
Existence in the theory of two fundamental length scales — different to this extent —
comprises the cosmological problem.
90. Choosing the Hubble sphere as the holographic screen, find its area in the de Sitter model
(recall that in this model the Universe’s dynamics is determined by the cosmological
constant Λ > 0).
Solution. The area is
A = 4piR2H =
12pi
Λ
. (1.136)
91. Find the Hubble sphere’s area in the Friedman’s Universe with energy density ρ.
Solution. For a non-flat Universe the Hubble radius is (c = 1)
RH ≡ H−1 =
(8piG
3
H2 − k
a2
)−1/2
, (1.137)
so the area is
A =
1
2G
3
ρ− 4pik
a2
. (1.138)
92. Show that in the flat Friedman’s Universe filled with a substance with state equation
p = wρ the Hubble sphere’s area grows with the Universe’s expansion under the condition
1 + w > 0.
Solution. Using the result of the previous problem, we have
A′ = − 3
2G
ρ′
ρ3
, (1.139)
while from the conservation equation
ρ′
ρ
= −3(1 + w)a
′
a
. (1.140)
Differentiating with respect to a, we get
dA
da
=
9
2G
1 + w
aρ
, (1.141)
from which it follows that A′ has the same sign as 1 + w.
93. Estimate the temperature of the Hubble sphere TH considering it as the holographic
screen.
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Solution. The temperature of a horizon is calculated with the help of Hawking radia-
tion formula, which gives the temperature of a massless field near the horizon of a black
hole of mass M :
TBH =
~c3
8piG kBM
. (1.142)
Now using it for the Hubble sphere instead, we treat M as the mass of the enclosed
volume, and using the Friedman equations to get ρ(H), obtain
TBH =
~c3
8pikB
1(
8piG
3
ρ
)(
c
H
)3 = ~H4pikB . (1.143)
The numerical value is
TBH ∼ 10−39 K. (1.144)
94. Taking the Hubble sphere for the holographic screen and using the SCM parameters, find
the entropy, force acting on the screen and the corresponding pressure.
Solution. The entropy is
SH =
1
4
A
l2P
, (1.145)
where lP =
√
~G/c3 is the Planck length, so substituting A = 4piR2H , we get
SH =
kBc
3
G~
· piR2H . (1.146)
The force acting on the holographic screen is
FH = − dE
dRH
= −TH dSH
dRH
= −TH 2pikBc
3
G~
·RH = − c
4
2G
∼ 0.6× 1044 N. (1.147)
It is a fundamental constant – half of the Planck force. The pressure is P = FH/A.
95. The most popular approach to explain the observed accelerated expansion of the Uni-
verse assumes introduction of dark energy in the form of cosmological constant into the
Friedman equations. As seen in the corresponding Chapter, this approach is successfully
realized in SCM. Unfortunately, it leaves aside the question of the nature of the dark
energy. An alternative approach can be developed in the frame of holographic dynamics.
In this case it is possible to explain the observations without the dark energy. It is re-
placed by the entropy force, which acts on the cosmological horizon (in this case it is the
Hubble sphere) and leads to the accelerated expansion of the Universe. Show that the
Hubble sphere’s acceleration obtained this way agrees with the result obtained in SCM.
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Solution. From the Hubble law the acceleration of an object placed at distance R from
the observer is
V˙ = R(H˙ +H2); (1.148)
while from the second Friedman equation
H˙ +H2 = −4piG
3
(ρ+ p) (1.149)
= −4piG
3
(−2ρΛ + ρm) (1.150)
=
8piG
3
(
ρΛ − 12ρm
)
(1.151)
= H20
(
ΩΛ − 12Ωm
)
. (1.152)
Thus
V˙ = H20R
(
ΩΛ − 12Ωm
)
. (1.153)
For R = 4000Mpc (the size of the observable Universe), V˙ ≈ 4× 10−10m/s2.
Acceleration of the holographic screen (Hubble sphere in this case) is given in holographic
dynamics by
aH =
2pikBc
~
TH , (1.154)
so using the expression for temperature
TH =
~H
4pikB
, (1.155)
we get
aH = V˙H = cH ∼ 10−9 m/s2. (1.156)
The results agree by the order of magnitude with the ones obtained in the frame of the
SCM.
96. Show that a pure de Sitter Universe obeys the holographic principle in the form5
Nsur = Nbulk. (1.157)
Here Nsur is the number of degrees of freedom on the Hubble sphere, and Nbulk is the effec-
tive number of degrees of freedom, which are in equipartition at the horizon temperature
TH = ~H/2pikB.
Solution. The degrees of freedom of the Hubble sphere are given by
Nsur =
1
4
R2H
l2P
= 4pi
(c/H
lP
)2
. (1.158)
5This and the next problem are based on [8], see there for more details.
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On the assumption of equipartition, the number of bulk degrees of freedom is
Nbulk =
|E|
kBT/2
. (1.159)
Taking E as the “energy” (ρ+ 3p)VHc
2 enclosed by the Hubble sphere
Nbulk = −
2(ρ+ 3p) · 4pi
3
c3
H3
· c2
kBTH
, (1.160)
and using Friedman equations to find ρ+ 3p = −2ρ through H, one gets
Nbulk = 4pi
(c/H
lP
)2
, (1.161)
which proves the initial statement.
97. If it is granted that the expansion of the Universe is equivalent to the emergence of
space (in the form of availability of greater and greater volumes of space), then the law
governing this process must relate the emergence of space to the difference
Nsur −Nbulk (1.162)
(see previous problem). The simplest form of such a law is
∆V ∼ (Nsur −Nbulk)∆t. (1.163)
We could imagine this relation as a Taylor series expansion truncated at the first order.
Show that this assumption is equivalent to the second Friedman equation.
Solution. Reintroducing the Planck scale and passing to infinitesimal increments ∆V →
dV , we get
dV
dt
= l2P (Nsur −Nbulk). (1.164)
Then substituting V = 4pi
3
(c/H)3, Nsur = 4pi(c/lPH)
2 and
Nbulk = − 2E
kBT
= −2(ρ+ 3p)V c
2
kBTH
, (1.165)
we find
a¨
a
= −4pil
2
P
3
(ρ+ 3p). (1.166)
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